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HEAT KERNEL AND CURVATURE BOUNDS IN RICCI FLOWS 
WITH BOUNDED SCALAR CURVATURE 

RICHARD H. BAMLER AND QI S. ZHANG 


Abstract. In this paper we analyze Ricci flows on which the scalar curvature is globally 
or locally bounded from above by a uniform or time-dependent constant. On such Ricci 
flows we establish a new time-derivative bound for solutions to the heat equation. Based 
on this bound, we solve several open problems: 1. distance distortion estimates, 2. the 
existence of a cutoff function, 3. Gaussian bounds for heat kernels, and, 4. a backward 
pseudolocality theorem, which states that a curvature bound at a later time implies a 
curvature bound at a slightly earlier time. 

Using the backward pseudolocality theorem, we next establish a uniform L 2 curvature 
bound in dimension 4 and we show that the flow in dimension 4 converges to an orbifold 
at a singularity. We also obtain a stronger e-regularity theorem for Ricci flows. This 
result is particularly useful in the study of Kahler Ricci flows on Fano manifolds, where 
it can be used to derive certain convergence results. 
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1. Introduction 

In this paper we analyze Ricci flows on which the scalar curvature is locally or globally 
bounded by a time-dependent or time-independent constant. We will derive new heat 
kernel and curvature estimates for such flows and point out the interplay between these 
two types of estimates. 

We briefly summarize the main results of this paper. More details can be found towards 
the end of the introduction. Consider a Ricci flow (M, (gt)te[o,T))i &t9t = —2Ric gt and 
assume that the scalar curvature R is locally bounded from above by a given constant Rq. 
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We refer to the statements of the theorems for a precise characterization what we mean by 
“locally”. Assuming the bound on the scalar curvature, we obtain the following results: 

Distance distortion estimate: The distance between two points x, y € M changes by at 
most a uniform factor on a time-interval whose size depends on Rq and the distance 
between x, y at the central time (see Theorem O). This estimate addresses a 
question that was first raised by R. Hamilton. 

Construction of a cutoff function: We construct a cutoff function in space-time, whose 
support is contained in given a parabolic neighborhood and whose gradient, Lapla- 
cian and time-derivative are bounded by a universal constant (see Theorem 11.31) . 
Gaussian bounds on the heat kernel: Assuming a global bound on the scalar curvature, 
we deduce that the heat kernel K(x,t;y, s) on M x [0,T) is bounded from above 
and below by an expression of the form ai(t — s) _n / 2 exp(— a 2 d 2 (x, y)/(t — s )) for 
certain positive constants 01,02 (see Theorem ED- 
Backward Pseudolocality Theorem: Named in homage to Perelman’s forward pseudolocal¬ 
ity theorem, this theorem states that whenever the norm of the Riemannian curva¬ 
ture tensor on an r-ball at time t is less than r^ 2 , then the Riemannian curvature 
is less than Kr~ 2 on a smaller ball of size er at earlier times [t — ( er) 2 ,t] (see 
Theorem 11.51) . 

Strong e-regularity theorem: If the local isoperimetric constant at a time-slice is close to 
the Euclidean constant, then we have a curvature bound at that time (see Corollary 

[El). 

L 2 -curvature bound in dimension f: If the scalar curvature is globally bounded on M x 
[0, T), then the L 2 -norm of the Riemannian curvature tensor, ||Rm(-, t)\\i, 2 / Mgt \, is 
bounded by a uniform constant, which is independent of time (see Theorem 11.81) . 
Convergence to an orbifold in dimension 4; If the scalar curvature is globally bounded on 
M x [0,T), then the metric gt converges to an orbifold with cone singularities as 
t /• T (see Corollary 11.111) . 

Let us motivate the study of Ricci flows with bounded scalar curvature. Consider a 
Ricci flow (M, (gt)te\o,T)) that develops a singularity at time T < 00 . It was shown by 
Hamilton (cf [Halj L that the maximum of the norm of the Riemannian curvature tensor 
diverges as t /* T. Later, Sesum (cf |Sej ) showed that also the norm of the Ricci tensor 
has to become unbounded as t /* T. It remained an open questions whether the scalar 
curvature becomes unbounded as well. In dimensions 2, 3 and in the Kahler case (cf jZZhj ) 
this is indeed the case. In order to understand the higher dimensional or non-Kahler case, 
it becomes natural to analyze Ricci flows with uniformly bounded scalar curvature and to 
try to rule out the formation of a singularity. 

Another motivation for the scalar curvature bound arises in the study of Kahler-Ricci 
flows on Fano manifolds. Let M be a complex manifold with ci(M) > 0 and go a Kahler- 
metric on M such that the corresponding Kahler form satisfies ojo £ ci(M). Then go can 
be evolved to a Ricci flow on the time-interval [0, i) and the scalar curvature satisfies 
the (time-dependent) bound — C < R(-,t ) < C {^ — f) -1 (cf (STj). In other words, if we 
consider the volume normalized Ricci flow (gt)te[ 0,00), Th = et 5 (i- e - 4 )/ 2 > 

d t g t = ~ Ric +g t , 

then the scalar curvature of gt satisfies —C/t < R(-,t ) < C for some uniform constant C. 
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Ricci flows with bounded scalar curvature have been previously studied in [ CTj , [ CW lj, 
[CW2j . [CW3], [Waj . [Zil] . We will particularly use a result obtained by the second author 
in mu, which gives us upper volume bounds for small geodesic balls and certain upper 
an lower bounds on heat kernels for Ricci flows with bounded scalar curvature. 

Before presenting our main results in detail, we introduce some notation that we will 
frequently use in this paper. We use M to denote a, mostly compact, Riemannian manifold 
and gt to denote the metric at time t. For any two points x,y € M we denote by dflx,y) 
the distance between x, y with respect to gt and for any r > 0 we let B(x , t,r) = {y£M : 
dflx, y) < r} be the geodesic ball around x of radius r at time t. For any ( x, t) € M x [0 ,T), 
r > 0 and At € M we denote by 

P(x,t,r, At) = B(x,t,r) x [t,t + At\ or B(x, t, r) x [t + At, t\, 

depending on the sign of At, the parabolic neighborhood around (x,t). For any measurable 
subset S C M and any time t, we denote by | S\t the measure of S with respect to the 
metric gt . We use V and A to denote the gradient and the Laplace-Beltrami operators. 
Sometimes we will employ the notation Vt, At or V fft , A gt to emphasize the dependence 
on the time/metric. We also reserve R = R(x,t) for the scalar curvature of gt, Ric = R,j 
for the Ricci curvature and Rm = Rmfor the Riemannian curvature tensor. Lastly, 
we define v\g,r\ := info< r '< T g[g, r'], where g[g,T\ denotes Perelman’s //-functional. For 
more details on these functionals see section [2j 

The first main result of this paper is a local bound on the distortion of the distance 
function between two points, given a local bound on the scalar curvature. This result 
solves a basic question in Ricci flow, which was first raised by R. Hamilton (cf [HSU 
section 17]), under a minimal curvature assumption. We remark that previously, distance 
distortion bounds have been obtained under certain growth conditions on the curvature 
tensor or boundedness of parts of the Ricci curvature, see 11 a 2 . section 17], jPll Lemma 
8.3], mu and |TW| . Observe that the following distance distortion bound becomes false 
if we drop the scalar curvature bound, as one can observe near a 3-dinrensional horn (for 
more details see the comment after the proof of Theorem [LTD . 

Theorem 1.1 (short-time distance distortion estimate). Let (M n , (gt)te[o,T))i T < oo be 
a Ricci flow on a compact n-manifold. Then there is a constant 0 < a < 1, which only 
depends on u\go,2T\,n, such that the following holds: 

Suppose that to € [0, T), 0 < ro < y Tfl, let xo,yo € M be points with dt 0 (xo,yo) > ro 
and let t £ [to — oTq, min{to + ar^,T}). Assume that R < rff 2 on U x [t, to] or U x [to,t], 
depending on whether t < to or t > to, where U C M is a subset with the property that U 
contains a time-t' minimizing geodesic between xq and yo for all times t' between to and t. 

Then 

ad to (x 0 ,yo) < d t (x 0 ,yo) < a - 1 dt 0 (z 0 ,yo). 

Note that U could for example be the ball B(x o, to, o _1 rft 0 ( a ' 0 , Vo))- The upper bound of 
Theorem o can be generalized for longer time-intervals. For simplicity, we are phrasing 
this result using a global scalar curvature bound, but localizations are possible. 

Corollary 1.2 (long-time distance distortion estimate). Let (M n , (gt)te[o,T))> T < oo be 
a Ricci flow on a compact n-manifold that satisfies R < Ro < oo everywhere. Then there 
is a constant A < oo, which only depends on u[go,2T],n, such that the following holds: 
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Suppose that f 0 € [0,T) ; let xo,2/o € M be points and set r 0 = d tQ (xo,yo). For any 
t £ [rlT) with A 2 (vq + |t — to|) < min{i?g 1 ,to} we have 

dt(x 0 ,yo) < A\Jr% + \t-t 0 \. 

Similar techniques also imply the existence of a well behaved space-time cutoff function. 

Theorem 1.3 (cutoff function). Let (M n , (gt)t&[o,T)), T < oo be a Ricci flow on a compact 
n-manifold. Then there is a constant p > 0, which only depends on v[go,2T] and n, such 
that the following holds: 

Let ( xq , to) £ M x [0, T) and 0 < vq < y/t o and let 0 < r < p 2 rg. Assume that R < rff 2 
on P(xo,to, ro, —r). Then there is a function f> € CP^M x [to — t, to]) with the following 
properties: 

(a) 0 < (f < 1 everywhere. 

(b) <j)> p on P(x 0 ,t 0 ,pr 0 , -r). 

(c) (f> = 0 on (M \ B(x 0 ,t 0 ,r 0 )) x [t 0 - r,t 0 ]. 

(d) |V0| < r^ 1 and \dt4>\ + |A0| < r(f 2 everywhere. 

The proofs of Theorem 11.11 Corollary 11.21 and Theorem 11.31 can be found in section [3j 

Next, we analyze the kernel K(x,t\y,s) for the heat equation coupled with Ricci flow 
and establish Gaussian bounds on K(x, t; y , s) and its gradient. This addresses a question 
of Hein and Naber (cf [ HN . Remark 1.15]). Over the last few decades, similar questions 
have been subject to active research, especially after Li-Yau’s paper US- Among numer¬ 
ous useful papers, let us mention [Egg]. [chHj, [gh], nu, the books [L] and [Grj 
and the reference therein. Previous bounds usually relied on boundedness assumptions 
of the Ricci curvature and distance functions, see for instance |Z06] . Our proof makes 
use of a recent integral bound for the heat kernel obtained by Hein-Naber in jHNj as well 
as our distance distortion bounds. We mention that a lower bound on the heat kernel 
has been proven in mu, which matches the upper bound in this paper up to constants. 
Since many geometric quantities such as the scalar curvature obey equations of heat-type, 
we expect this result to have further applications. For example, our bounds enable us to 
convert integral curvature bounds into pointwise bounds in certain settings. 


Theorem 1.4. Let (M n , (<?t)te[o,Tj)> T < oo be a Ricci flow on a compact n-manifold 
that satisfies R < Ro < oo everywhere. Then for any A < oo there are constants C\ = 
Ci(A), C 2 = 02 (A) < 00 , which only depend on A, n[go, 2T], n, such that the following 
holds: 

Let K(x,t m ,y, s) be the fundamental solution of the heat equation coupled with the Ricci 
flow (see section^ for more details), where 0 < s < t < T. Suppose that t — s < AR^ 1 
and s > A^ft — s). Then 


K(x,t;y,s) > 
K(x, t; y, s) < 
V x K(x,t-,y,s)\ gt < 


1 

Cflt-s)™/ 2 



C 2 d 2 (x,y) 
t — s 


Ci 

(t — s) n / 2 



Ci 

(; t - s )(^+ 1 )/2 6XP 


d 2 s (x,y) \ 

02(1-8))'' 

( d 2 (x,y) 

V C 2 (t-s) 


In the last line the gradient is taken with respect to the metric gt- 
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Note that the lower bound for s is necessary since we do not assume curvature or 
injectivity radius bounds on the initial metric. On the other hand, if we assume such 
bounds on the initial metric, then one can derive upper and lower Gaussian bounds by 
standard methods, since ( M,gt ) will have bounded geometry at least for small times. 
Using the reproducing formula and Theorem 11.41 we can derive Gaussian bounds up to 
any finite time. Observe also that by Theorem 11.11 one can replace the distance d s (x,y ) 
by dt(x,y) freely after adjusting the constant C 2 in the above statements. This will be 
made clear during the proof of the theorem. The proof of this theorem and further useful 
results, such as mean value inequalities for heat equations on Ricci flows, can be found in 
sections |4] and [5) 

Next, we prove the following backward pseudolocality theorem assuming a local scalar 
curvature bound. Previously, similar backward pseudolocality properties have been estab¬ 
lished in two other settings: First, Perelman (cf [ P2l Proposition 6.4]) obtained a similar 
result in the three dimensional case without assuming a scalar curvature bound. Second, 
X. X. Chen and B. Wang (cf |CW1| ) proved a backward curvature bound under the addi¬ 
tional assumption that the curvature tensor has uniformly bounded L n / 2 norm. Recently, 
the same authors presented a long-time backward pseudolocality property for Kahler Ricci 
flows on Fano manifolds (cf [C W3] ). 

Theorem 1.5 (backward pseudolocality). Let (M n , (gt)te[o,T))> T < 00 be a Ricci flow 
on a compact manifold. Then there are constants e > 0, I\ < 00 , which only depend on 
v[go,2T],n, such that the following holds: 

Let (xo,to) € M x (0,T) and 0 < ro < y Tfl and assume that 


(1.1) 

R < r 0 2 on 

B(xo, to, t 0 , —2(er 0 ) 2 

and 

|Rm(-,t 0 )| < r 0 2 

on B(x 0 ,to,ro)- 

Then 




|Rm| < Kr 0 2 on P(x 0 , to, er 0 ,-(er 0 ) 2 ). 

The proof of this theorem can be found in section [6j Note that it can be observed from 
this proof that the factor 2 in m can be replaced by any number larger than 1 if the 
constants e, K are adjusted suitably. 

As an application, the backward pseudolocality theorem can be coupled with Perelman’s 
forward pseudolocality theorem (cf [ED) to deduce a stronger e-regularity theorem for Ricci 
flows. 

Corollary 1.6 (strong e-regularity). Let (M n , (gt)t£[o,T)) be a Ricci flow on a compact 
n-manifold. Then there are constants 6, e > 0 and K < 00 , where 5 only depends on n, e 
and K only depends on v[go,2T],n, such that the following holds: 

Let (.To, to) € M x [0, T) and 0 < ro < min{ \ftf. yJT — to} and assume that 

R<Uq 2 on B(x 0 ,t 0 ,r 0 ) x [t 0 - 2(er 0 ) 2 ,t 0 + (er 0 ) 2 ]. 

and 

|<9^ir o > (1 - Sflninif- 1 for any Q C B(x 0 ,t 0 ,r 0 ), 
where c n is the Euclidean isoperimetric constant. Then 

|Rm| < Kr^ 2 on B(x 0 ,t 0 ,sr 0 ) x [t 0 - (er 0 ) 2 ,t 0 + (er 0 ) 2 ]. 







6 


RICHARD H. BAMLER AND QI S. ZHANG 


The proof of this corollary can be found in section [6l 

Note that in Perelman’s forward pseudolocality theorem, the bound on the curvature 
tensor is K/(s — t) for s G (t,t + sr 2 ], which blows up at time t. In contrast, the curvature 
bound in the corollary above is indepent of time and extends in both directions in time. 
As an application, Corollary 11.61 combined with Shi’s curvature derivative bound [Sh] , 
seems to simplify and fill in some details in section 3.3 of the paper |TZzj by G. Tian and 
Z. L. Zhang. For example, the curvature bound (3.45) there now holds in a fixed open set 
relative to the time level 0 instead of the variable time tj. Note that if the C a harmonic 
radius at a point x and time t is r, then the isoperimetric condition holds in B(x, t, Or) for 
a fixed 0 G (0,1). Thus the corollary implies that the curvature is bounded in B(x, t, eOr). 

As further application of the backward pseudolocality Theorem, we derive an L 2 -bound 
for the Riemannian curvature in dimension 4, assuming a uniform bound on the scalar 
curvature. The precise statement of the result makes use of the following notion: 


Definition 1.7. For a Riemannian manifold (M,g) and a point x G M we define 

r |Rm| ( x ) '■= sup {r > 0 : |Rm| < r~ 2 on B(x,r )}. 

If (M, <7) is flat, then we set r|R m i(x) = 00. If (M, {gt)te[o,T)) is a Ricci flow and (x,t) G 
M x [0,T), then ^iRmlO^) defined to be the radius ?’|R m |(x) on the Riemannian manifold 
(M ,g t ). 


The result is now the following. 


Theorem 1.8 (L 2 curvature bound in dimension 4). Let (M 4 , {gt)te[o,T)) be a Ricci flow 
on a compact 4-manifold that satisfies R < Rq < 00 everywhere. Then there are constants 
A,B< 00 , which only depend on the product RqT and on n[go, 2 T), such that the following 
holds: 

Let x(M) be the Euler characteristic of M. Then for all t G [T/2,T) the following 
bounds hold: 

l|R m (-^)llL 2 (M, fft ) = | Rm 0,*)| 2 d5i) < Ax(M) + B vol 0 M. 

For any p G (0,4) 

[ |Ric| p (x, t)dg t + [ r" p , (x, t)dg t < A\{M) + —^— vol 0 M. 

J M JM 1 1 4 ~P 

Finally, for all 0 < s < 1 


|{|Ric|(,t) + l{r '”"' ht )S»}l. < Ax(M) + g vol|) M 


Here we use the short form {/ > a} := {x G M : f(x) > a}. 


The proof of this theorem can be found in section [3 Note that the first bound of 
Theorem 11.81 has been obtained independently in [Si2j . 

Since the L 2 -bound of Rm is scaling invariant and descends to geometric limits, we 
immediately obtain that singularity models of 4-dimensional Ricci flows with bounded 
scalar curvature have T 2 -bounded curvature as well: 
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Corollary 1.9. Let (M , (gt)te[o,T)); T < oo be a Ricci flow on a compact 4-manifold 
that satisfies R < Ro < oo everywhere. Let ( Xk,tk ) € M x [0,T) be a sequence with Qk = 
|Rm|(xfc,ifc) —> oo and assume that the pointed sequence of blow-ups (M,Qkg^Q-± t+tk yXk) 

converges to some ancient Ricci flow (M^, (<7oo,t)te(-oo,o] > x oo) the smooth Cheeger- 
Gromov sense. Then gooj = goo is constant in time and (M.oo,goo) is Ricci-flat and 
asymptotically locally Euclidean (ALE). 

Corollary 11.91 also follows from recent work of Cheeger and Naber (cf |CN| ). A direct 
consequence of Corollary 11.91 is (see ( And2 . Corollary 5.8]): 

Corollary 1.10. Let (M 4 , (g t ) te[o,T))> T < oo be a Ricci flow on a compact 4-manifold 
M that satisfies the following topological condition: the second homology group over every 
field vanishes, i.e. 1?2(M;F) = 0 for every field F (for example, the 4-sphere satisfies this 
condition). 

Then the scalar curvature becomes unbounded as t T. 

The T 2 -bound on the Riemannian curvature can also be used to understand the forma¬ 
tion of the ALE-singularities on a global scale: 

Corollary 1.11. Let (M 4 , (gt) te[o,T))> T < oo be a Ricci flow on a compact 4-manifold 
that satisfies R < Rq < oo everywhere. Then (M ,g t ) converges to an orbifold in the 
smooth Cheeger-Gromov sense. 

More specifically, we can find a decomposition M = M rcg U M smg with the following 
properties: 

(a) M reg is open and connected. 

(b) M smg is a null set with respect to gt for all t € [0, T). 

(c) gt. smoothly converges to a Riemannian metric gx on M reg . 

(d) (M rog ,gr) can be compactified to a metric space (M 1LS ,d) by adding finitely many 
points and the differentiable structure on M reg can be extended to a smooth orbifold 
structure on M , such that the orbifold singularities are of cone type. 

(e) Around every orbifold singularity o/(M reg ,d) the metric gr satisfies |V m Rrn| < 

o(r~ 2 ~ m ) and |V m Ric| < 0(r -1-m ) as r —>• 0, where r denotes the distance to the 
singularity. Furthermore, for every e > 0 we can find a smooth orbifold metric 
g £ on M (meaning that g £ pulls back to a smooth Riemannian metric on local 

orbifold covers) such that the following holds: 

WdT — fl , £ |lc°(M 1 ' e g;g e ) + ll<7T ~ 9e IIIU 2 - 2 (M re S;g £ ) < £ 

Here, the C° and W 2,2 -norms are taken with respect to g £ . 

A slightly weaker characterization was obtained independently in [Si3| and in [ ICW1| 
under an additional curvature assumption. The proof of this corollary can be found in 
section [71 

This paper is organized as follows: In section [2], we introduce the notions and tools 
that we will use throughout the paper. In section [3l we prove a time derivative bound for 
solutions of the heat equation on a Ricci flow, which is independent of the Ricci curvature. 
Then we use this bound to derive the distance distortion estimates, Theorem o and 
Corollary 11.21 and construct a well behaved cutoff function in space-time in Theorem 
P Next, in section [5] we use this cutoff function to establish mean value inequalities 
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for solutions of the heat and conjugate heat equation in section [4] and eventually the 
Gaussian bounds for the heat kernel, Theorem 11.41 In section [6l we prove the backward 
pseudolocality Theorem 11.51 and the strong e-regularity theorem, Corollary 11.61 Finally, 
we prove the L 2 curvature bound in dimension 4, Theorem 11.81 and its consequences. 

2. Preliminaries 

Consider a Ricci flow (M, (gt)te[o,T))> T < oo on a compact n-manifold M. For any 
( xq , t 0 ) € M x [0, T), r > 0, we will frequently use the notation 

Q + (i o ,lo,r) = {(.T,f)eMx[0,T) : d t {x 0 ,x)<r , t 0 <t < t 0 + r 2 } 

Q~(x 0 ,t 0 ,r) = {{x,t) € M x [0,T) : d t (x 0 ,x)<r , t 0 - r 2 <t < t 0 } 

to denote the “forward” and “backward” parabolic cubes. 

Next, note that by applying the maximum principle to the evolution equation dtR = 
A R + 2|Ric| 2 > A R + ^R 2 , we can deduce the following lower bound on the scalar 
curvature: 

-s- 

So, for instance, if we also have an upper bound of the form R < Rq < oo and if we are 

_i /o 

working at a scale 0 < ro < min{R 0 7 , y/to}, then we have the two-sided bound 

\R\<nr^ 2 on M x [t 0 - \rl, t 0 ]. 

In such a situation, we will often rescale parabolically and assume that ro = 1, to > 1 and 

\R\ < n on M x [to — to]- 

Assume for simplicity, that \R\ < Ro everywhere. By the evolution equation of the 
volume form, dtdgt = —Rdgt, the bound on the scalar curvature implies the following 
distortion estimate for the volume element: 

(2.1) e- R ol t-^dgs < dg t < e R °^dg s s, t € [0, T). 

This implies that for any measurable subset S C M, we have 

(2.2) e -fio|t- S || 5 | s < | 5 | t < e ^ 0 l 7 -*l|5| s s ,t€[0,T). 

Next, we recall Perelman’s W-functional (cf my- 

W[c/,/,r]= f (r(|V/| 2 + R) + f - n)(4TTT)~^e^ f dg 

J M 

Here g is a Riemannian metric, / € C 1 (M) and r > 0. The fact that this functional 
involves no curvature term other than the scalar curvature, comes very handy in the 
study of bounded scalar curvature. Recall that the derived functionals 

H\g,r\= inf H%,/,t] 

/ M ( 47rr ) 7 e~fdg=l 

and 

"] = „ inf v[g,T'], 1 y[g\ = inf n[g,r\ 

0 <t'<t t>0 

are monotone in time and that v[g, r], v[g\ < 0. By this, we mean that dtg[gt,T — 
t\,d t v[gt,T — t\,d t v[g t \ > 0. 
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We now mention two important consequences, which have been derived from this mono¬ 
tonicity and which we will be using frequently in this paper without further mention. The 
first consequence is Perelman’s celebrated No Local Collapsing Theorem (see mi which 
can be phrased as follows: Let (xo,io) € M x [0, T), 0 < ro < y/to and assume that 
R < 7-q 2 on B(xo, to, ?’o). Then 

(2.3) \B(xo,to,r 0 )\t 0 > Wo, 


for some constant which only depends on u[go,2T] and n. On the other hand, a 
non-inflating property was shown in mu (see also [CW2] L This property states that 
whenever (xqRo) € M x [0, T), 0 < ro < y/to 


then 


R(-,t) < 


a 

t 0 - t 


on Q (x 0 ,to,r 0 ), 


(2.4) \B(x 0 ,to,r 0 )\t 0 < k 2 Vq, 

where K 2 again only depends on u[c/o,2T] and n. 

Next, we discuss heat equations coupled with the Ricci flow. The forward heat equation 


(2.5) 

has a conjugate, 


dtu — A u = 0, 
dtgt = -2 Ric gt 


( 2 . 6 ) 


—dtu — A u + Ru = 0 
dtgt — 2 Ric 9t , 


which evolves backwards in time. So for any two compactly supported functions u, v € 
(7°°(M x (0,T)) we have 

/ (dt.u — A u) ■ vdgtdt = u ■ (—dtv — Av + Rv)dgtdt. 

Jmx(o,t) JMx(0,T) 

We will denote by K(x , i; y , s ), where x, y € M, 0 < s < t < T, the heat kernel associated 
with the heat equation (12.51) . meaning that for any fixed (y, s) € M x [0 ,T) 


(2.7) {d t - A x )K(-,-;y, s) = 0 and lirn K (•,t; y, s) = 5 y . 

Then K(x,t;-,-) is the kernel associated to the conjugate heat equation (12.61) . meaning 
that for any fixed ( x,t) € M x [0, T) 


(— d s — A y + R)I\ (x, t; •, •) = 0 and limiL(a;,t; •, s) = S x . 

s /'t 

In (Z06l Theorem 3.2] (see also [CHl Theorem 5.1]), the second author has obtained the 
following derivative bound for positive solutions u € C' 0O (M x (0,T)) of the heat equation 

m : 


\vu(x,t)\ ^ [t r j 

u(x,t) — V t y u(x,t)’ 


( 2 . 8 ) 
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whenever 0 < u < J on M x (0, t]. Note that this bound is sharp for the heat kernel 
on Euclidean space with J = sup Mx (o,i] u and does not assume boundedness of the scalar 
curvature. 

Lastly, we mention two heat kernel estimates, which have been obtained by the second 
author in [Zlll equations (1.5), (1.7), etc.]. The first estimate is a global upper bound on 
the heat kernel. Assume that x, y E M, 0 < s < t < T and that we have the lower scalar 
curvature bound R > —Rq on M X [s,t]. Then 

(2-9) K(x,t-,y,s ) < _^ )n/2 , 


where C only depends on u[go, 2 T],n and (t — s)Rq. 

The second estimate is a distance dependent lower bound on the heat kernel. This bound 
is a consequence of (12.81) and Perelman’s Harnack inequality. Let x,y E M, 0 < s < t < T 
and consider a smooth curve 7 : [s,t] —>• M between (y,s) and (x,t), i.e. 7 (s) = y and 
7 (t) = x. Its /1-length is defined as 

£(7) ■= j s V/ - + R(~i(t'),t'))dt'. 

The reduced distance between (x, t ) and (y, s) is defined as 


V(x,t)(.y, s ) '■= 0 ^j —~ inf ' 7 : [s,t] ->• M between (y,s) and {x,t)}. 

Then by IED Corollary 9.5] we have 

(2.10) K(x,t;y,s ) > -—-J-—— 

y J K ’ ,y ’ ’ ~ (Air(t — s)) n / 2 

Applying (12.101) for x = y and (12.81) at time t yields the following Gaussian lower bound 
on the heat kernel (see m for more details): Assume that we have the upper scalar 
curvature bound R(y,t') < Rq for all t 1 E [s,t]. Then 


( 2 . 11 ) 


K(x,t;y,s) > 


c - 1 

(t — s) n / 2 



dt( x >y) \ 

2 (t-8))’ 


where C only depends on (t — s)Rq. 


3 . Heat kernel bounds, distance distortion estimates and the construction 

OF A CUTOFF FUNCTION 

In this section, we first derive a bound on the time derivative (or Laplacian) of positive 
solutions of the heat equation, which is independent of the Ricci curvature. This bound 
is then used to obtain distance distortion estimates and to construct a space-time cutoff 
function. 

Lemma 3.1. Let (M ra , (gt)te[o,T)) be a Ricci flow on a compact n-manifold and let u € 
G°°(M x [0, T)) be a positive solution to the heat equation dtu = A u, rt(-,0) = uo that is 
coupled to the Ricci flow. Then the following is true: 
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(a) There is a constant B < oo, depending only on the dimension o/M, such that the 
following holds: If 0 < u < a on M x [0, T] for some constant a > 0, then for all 
(. x , t) € M x (0, T ) 


(3.1) 


. . , |Vn | 2 V , Ba 

An + -- aR ) (x, t) < — 

u t 


(b) If 0 < u < 1 on M x [0, T\, then for all ( x , t) € M x [0, T) 

|Vn | 2 [ a , iVnol 2 ^ , 41 |Vno | 4 


An + 


and 


- r) (x,t) < sup ( Au 0 + -.R(-,0)') + t(l + sup ■ 

) mV u o J m 


- A „ + JA!! ^ (x, t) < sup ( - A„„ + JA 2 !! _ R{ ., o') +1 sup 


n 


M 


n 0 


M u 0 

Proof. Part (a). Without loss of generality we may assume a = 1 so that 0 < n < 1 
everywhere. For convenience of presentation we write 


n 


n 


In the following we will show that L\ 1 L 2 < —. Using standard identities, it is easy to 
check that in a local orthonormal frame we have 

(dt — A)A n = A(<9 t — A)n + (dtA — A dt)u = 2 RijUij, 

(d t - A)R = 2|Ric| 2 , 

|Vn | 2 _ 2 


(3.2) 


(dt-AY 


u 


u ij 


UiUj 


Therefore, we can write 


(dt - A)L\ = 


u 


Uij 


u 


UiUj 


u 


- 2RijUij - 2 R: 


v 


Rearranging the terms on the right-hand side and using the assumption that u < 1, we 
deduce 

2 


(d t - A)Li < - 


Uij 


UiUj 


u ij 


U 

UiUj 

u 


2 Rij I Uij 


+ R 


V 


UjU 




UiUj 

u 

+ R 


O U/IU n o 

D-Z o D 1 J T>£ 
JX ij lx ij 


U 


U 


V 


+ 


|VnV 


n^ 


<-I An — 

n 




n^ 


Thus 

(3.3) 

From (12.81) . one has 


(dt — A)L\ <-Lj + 


I Vn | 4 


n 


u“ 


|Vn | 2 n 1 1 


n 


< 7 log - < — • 

t u et 


(3.4) 
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Using this and (13.3D . we deduce 


(d t -A)L 1 <~L 2 + -^. 


Let B be a positive number such that 


B + e~ 2 1 

n 


B 2 


Then 


Hence 


(dt-A )(B/t) = - 


B + e 


-2 


B 2 (^A) 2 + ^2 ---( 5 A) 2 + ^2- 


B\ 


(d t -A) Lx-- <- [L 1 + - )[L 1 - 


t J 


n 


B 


B 


The maximum principle then implies L\ < -j. 

In order to prove the upper bound on L 2 , we compute 


(dt — A)L 2 = — - 


u 


u ij 


UiUj 


< - 


u ij 


u ij 


u 


UiUj 

2 

u 


UiUj 



T 2RijUij — 2 R, 


v 


+ 2 R^luij-^l 


- R 


u 


v 


UiUj 


u 


-R 


n UiUj 

- Rl + 2R,jj — 


u 


v 


v 

2 IY7„,|4 


— R 


u 


+ 


|Vu| 4 


r 


<-I Au — 

n 

=-I L 2 — 2 


n 

1 

2 n 


|Vu| a jX , IV^I 4 

u J u 2 
|Vu| 2 \ 2 |Vu| 4 


u 


+ 


r 


i2 _ 4 !^£V-- i | + d + i) 2 

u 2n 2 V n> u 2 


1 .0 ,,|Vu | 4 


1 .0 a . |Vu| 4 


< — -L\ + (1 + -) 
- 2 n 2 K nJ 

Therefore, using again (13.41) . we obtain 


(a ,_ A)i 2 <__L^ + l±£._L. 

We now argue similarly as before. Choose B > 0 such that 

1 

2n 

Then 


1 + - 

B~ 1 + —-^B~ 2 = 


1 


1 + 


(d t -A)(B/t) = --(B/t) 2 + 

2n e 


n_ _ 

2 ' + 2 ‘ 


And hence 


B\ 


(dt — A) ( L 2 —— ) < — — ( L 2 + — ) ( L 2 —— 


t J 

B 


2 n 


B 


B 


So by the maximum principle L 2 < —, which proves (13.11) . 
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Part (b). By (13.21) . we know that the function \Vu\ 2 /u is a subsolution to the heat 
equation. So the maximum principle implies that 

|Vu | 2 ^ |Vu 0 | 2 

- -— < sup-. 

U M u 0 

The remaining estimates then follow using the bounds for (dt — A)Li and (dt — A)L 2 from 
before along with the maximum principle. □ 


The previous bound on the gradient and Laplacian of solutions to the heat equation, 
can be used to derive a local bound on the distortion of the distance between two points. 


Proof of Theorem \l.l[ Step 1. We first establish the upper bound on d t (x o, yo) in the case 
in which r$ < dt 0 (xo,yo ) < 2xq. After rescaling the flow parabolically, we may assume 
without loss of generality that r 0 = 1. Then we have R < 1 on U x [t,t 0 ] or U x [t 0 ,t] 
and to > 1. Moreover, as explained in section [2] we have the lower bound R > — n on 
M x [t 0 — ^, to]- Let 7 : [0,1] —>• U be a time-to minimizing geodesic between xo,yo- 
By PI . end of 7.1], we can find a point z € M such that the reduced distance between 
(x’o,to) and (z, to — \) satisfies 

i n 

’ j {xo,t 0 )\ z Ro — 2 ) — ~2' 

Consider the heat kernel K(x, t) = K(x , t; 2 , to — |) centered at (z, to — |), i.e. dtK = A K 
(see (12.71) for more details). First, we note that 

4/ K (-,t)dg t =[ (A K(-,t)-R(-,t)K(-,t))dg t <n[ K(-,t)dg t . 

at J M J M J M 

So 

( 3 . 5 ) [ Ki-rfdgtKe^-to-zV. 

J M 

Recall also that by (12.91) and (]2 .101) there is a uniform constant Bq < 00 such that for all 
t € [t 0 - l, t 0 + 


(3.6) 


B 0 


(t - (*o - |)) n/2 

K(x 0 ,t 0 ) > 


on M and 
1 


(4vr(t 0 - (t 0 - \)) n/2 




> 


B, 


-1 


(2ir) n / 2 


By Lemma [3. Uf a) applied to the region U x [t, to] or U x [to,t], we get that there is a 
uniform constant B < 00 such that 

(3.7) I\ < B on M x [t, to] and \dtK\ < B on U x [t, to]- 

We also recall the inequality 


|WL(-,Q| 

K(-,t>) 



log 


B 
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which holds on all of M for t' € [T) — |To + |]- We can rewrite this inequality as 
(3.8) 


Vi log 


B 


K(;t') 


< 


2 \ft' - (to - g) 


Integrating this bound at time to along 7 and using the lower bound in ([3.611 yields that 


(3.9) K(-,t 0 )>c on t([0, 1]) 

for some uniform constant c > 0. Assume now that a < min{|, ^ B~ 1 c } and fix some 
t € [to — a, to + a}. Then by (13.711 and (13.911 

K(-,t) > c/2 on 7([0,1]). 

Due to the derivative bound (13.811 on AT-, t), we can choose a uniform 8 > 0 such that for 
all s € [0,1] 

AT(-,f)>c/4 on B(~/(s),t,(3). 

Let now N > 1 be maximal with the property that there are parameters 0 < si < ... < 
sn < 1 such that the balls -B( 7 (si), t, (3),... , - 6 ( 7 ( 5 ^), t, /3) are pairwise disjoint. Then 
the balls B('y(si),t,2(3),..., B('y(s]y),t,2(3) cover 7 ([0,1]). We argue that this implies 
that dt(xo,yo) < N ■ 4(3: Consider a graph consisting of vertices labeled by 1 
Connect vertex i with vertex j by an edge if B('y(si),t,2/3) and ^( 7 ( 5 ^), t, 2/3) intersect. 
Since 7 is covered by the balls B(j(si),t,2P), this graph has to be connected. So it 
is possible to connect any two vertices by a chain of length < N — 1. It follows that 
dti'y(si), 'j(sj)) < (N — 1) • 4 (3 for all i,j € {1,..., N}. Since xo,yo are contained in the 
union of the B('y(si),t,2(3), we obtain dt(xo,yo) < (N — 1) • 2(3 + 2 • 2(3 = N ■ 4(3. 

It remains to estimate N from above. The fact that the B('y(si), t, (3) are pairwise 
disjoint implies, using (13.51) and (12.31) . that 


e n > e n(t—(to-5)) 


> 


N 

/ K(;t)dgt>Y, 

J M i=1 JB 


=1 4B(7 (si),t,p) 


K(-,t)dg t > N ■ m(3 n ■ c/4. 


So it follows that 


N < 


«i (3 n ■ c/4 


=:N 0 . 


Putting everything together yields (recall that by assumption 1 < dt 0 (xo,yo) < 2). 


dt(xo,yo) < 4N 0 /3 < 8 N 0 ■ (3d to (x 0 ,y 0 ). 

This proves the upper bound for a < min{|, ^B^ 1 c, (dAo) -1 } in the case in which tq < 
dt 0 (x 0 ,yo ) < 2r 0 . 

Step 2. The upper bound in the general case, dt 0 (xo,yo ) > r 0 , follows now easily: Let 
7 : [0,1] —>• U be a time-to minimizing geodesic and choose parameters 0 = so < < 
... < Sk = 1 such that ro < dt 0 (j(si-i),'y(si)) < 2ro■ Then for any t € [to — ar^, min (to + 
arg,T}) we have 


k k 

d t (x 0 ,yo) < ^dt(7(s*_i),7(si)) < a_1 ^o(7(si-i)j7(si)) = a^dt^x 0,2/0)- 

2—1 i —1 
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Step 3. Next, we derive the lower bound on d t {xo,yo) assuming that the upper bound 
holds for the constant a that we have chosen before. We claim that for any t € [to — 
a 4 rg, min{t 0 + ck 4 ?’q, T}) we have 

dt{xo,Vo) > ad to (x 0 ,y 0 ). 

The theorem then follows by replacing a by a 2 . Assume that our claim was wrong. 
By continuity of the distance function dt{xo,yo ) in time, we can then find a time t £ 
[to — a 4 r'Q, niin{to + a 4 ?’Q,T}) such that 

(3.10) d t (x 0 ,yo) = ad to (x 0 ,y 0 ). 

We now apply the upper bound for ro <— aro, to <— t and t to (here and in the rest of 
the paper '” denotes replacement). For this note that |t — to| < « 4 7 ’q = a 2 (aro) 2 . We 
obtain that 

dt 0 (x 0 ,yo ) < o'~ 1 dt(xo,yo)) = d to {x 0l yo), 

which contradicts (13.1011 . This finishes the proof of the theorem. □ 

We now explain why the statement of Theorem 11.11 becomes false if we don’t impose the 
upper bound on the scalar curvature: Since the Bryant soliton (Mery, (fi'Bry ,t )te(-oo,oo)) 
arises as a model of certain type-II singularities, it suffices to show that the statement of 
the Theorem 11.11 without the scalar curvature bound, is false for the Bryant soliton. Let 
xq € Mery be the tip of the Bryant soliton and choose an arbitrary point yo € Mery, 
yo ~f~ xo such that ro := do{xQ. yo) > 1 . So dt(xo,yo) > ro for t < 0 and, since the Ricci 
curvature is strictly positive around xq, we have dtdt(xo,yo) < — c if t < 0 , for some 
universal c > 0, which does not depend on ro- (Note that dtdt(xo,yo) is equal to the 
integral of — Ric( 7 / , 7 / ) along a minimizing geodesic 7 between xo,yo- The dimension of 
this integral is the inverse of length.) So dt(xo, yo)/do{xo, yo) > c|t| for t < 1, giving us a 
contradiction for large enough \t\ and ro- 
Next, we present a proof of Corollary 11.21 

Proof of Corollary If. HI Set A = maxlcc^ 1 / 2 , a -1 }, where a is the constant from Theorem 
11.11 In the following we will show the inequality for the case t > to. The case t < to 
follows analogously. Assume that the inequality was wrong for some ro > 0 , to £ [ r 0 ’^) 
and xo,yo £ M with dt 0 (xo,yo) = ro. Then we can choose t\ € [to,T) such that 

dtx(x 0 ,yo) = A\JTq + \ti - t 0 1 < min{R 0 " 1/2 , y/t^}. 

Applying Theorem O with t 0 t\, r 0 7- Ay/r^ + \ti - to|, x 0 <- x 0 , yo yo yields 

(3.11) d t (x 0 , yo) > aA\Jrl + |ti - f 0 | for all t € [h - ad 2 (r 0 2 + \t\ - i 0 |), h\. 

By the choice of A we have 

ti - aA 2 (ro + \h - t 0 |) < h - {rl + \h - t 0 1 ) < t 0 . 

So to is included in the time-interval in (13.1111 . This implies that 

dt 0 (xo,yo) > \Jrl + [ti - t 0 | > r 0 , 

which contradicts our assumptions. □ 
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Using similar techniques, we construct a space-time cutoff function with bounded gra¬ 
dient, time-derivative and Laplacian. 


Proof of Theorem 1 1. Yl As explained in section El we may assume by parabolic rescaling 
that without loss of generality we have r 0 = 1 and R < 1 on P{xp,tp, 1, —r) and tp > l. 
Moreover, we have R > —n on M x [tp — r,tp]- 

Let 0 < 9 < 4 be a constant whose value will be determined in the course of the proof. 
The constant p will also be chosen in the course of the proof in such a way that p 2 < \d. 
Since 0 < r < p 2 , we may assume in the following that we have t < ^6. 

Again, by EH end of 7.1], we can find azeM such that the reduced distance between 
(xp,tp) an d (z,tp — 6) satisfies 


l(xo,to)( Z ’ to ~ 6 )^ 


n 

2 ' 


Consider the forward heat kernel K(x,t ) = K(x,t;z, to — 6) centered at (z, tp — 8), i.e. 
dtK = A K. As in (13.61) we have for all t E (to — 8, tp] 


K(;t) < 


Bo 

(t - (to - 6)y/i 


on 


M 


and 

(3.12) 


K(x 0 ,t 0 ) > 


(4vr(t Q - (t 0 - 0)) n / 2 


^ h x o j^o) U4o C > 


_ p -«/ 2 > B ~ 1 0~ n / 2 

( 4^/2 e >^0 ^ • 


As in (13.71) . we can apply Lemma f3.1 l a) to the time-interval [to - to], and find a uniform 
constant B < oo such that 


(3.13) K < B8~ n/2 on M x [t 0 - ±6, to] and 

\d t K\ < BO- 71 ' 2 - 1 on P(x 0 ,to,l,-r)cMx [t 0 -^,to]. 

We now define 

U:={x€M : K(x,t 0 ) > C M. 

Recall that by (13.121) . we have xp G U. Let Up C JJ be the connected component of U that 
contains xo- 

We now claim that for the right choice of 0 we have Up C B{x o, to, 1)- Assume not and let 
7 : [0,1] -A Up be a curve within Up that connects xo with a point on dB(xp, to, l)Dt/o- Let 
A > 1 be maximal with the property that we can find parameters si,..., sjsr G [0,1] such 
that the balls B('y(si),tp,Vd),...,B('y(sN),tp,Vd) are pairwise disjoint. This implies 
that the balls of twice the radius, B(j(si), tp, 2y/d ),..., P(7(sjv), to, 2 Vd), cover 7([0,1]). 
We now argue as in the proof of Theorem ll.il Consider a graph on N vertices, 1,..., N, 
and connect vertices i,j with an edge if B(j(si),tQ,2y/d) and B( r y(sj),to,2y/6) intersect. 
This graph is connected and hence it is possible to connect the vertex corresponding to the 
ball that contains xp with the vertex corresponding to the ball that intersects dBfxp,tp, 1) 
by a chain of length < N — 1 . So we have 


2yfe + 4 Vd(N - 1) + 2y/0 > 1 


1 

Wd' 


(3.14) 


N > 








HEAT KERNEL AND CURVATURE BOUNDS IN RICCI FLOWS 


17 


On the other hand, we can use (13.81) at time to, with ^ replaced by 9 and B replaced 
by B0~ n / 2 

i “i l 


V W log 


So for each y € U and z E B(y, to, V&) 


B9 ~ n / 2 


K(;t 0 ) 


< 


2y/e' 


log 


B9 ~ n / 2 \ 1 / 

KM)) < 2 + t° g 


B9~ n / 2 

K(y,to) 


1 / 7 Rfl-n/ 2 \ 1 ,_ 

< 2 + V‘° g ( = 2 + 


which implies 

^^0) > ^ 2 , 

for some uniform c > 0. Therefore, using (I3.5|) and ()3.14l) 

N 


e > 


/ K(-,t 0 )dg t o > V] 
i=1 


_ , K(;t 0 )dg to >N- — . ^W 2 = iVc > —=. 

Tl jB(-y( Si ),t 0 ,Ve) V ' W9 


So for 0 < ^e _2ri c 2 we obtain a contradiction. This implies that U$ C B(x o, to, 1) if 9 > 0 
is chosen small, but universally. We will fix 9 for the rest of the proof. 

Assume now that 0 < t < 0.1 B~ 1 B^ 1 0 < 1 9. Integrating (13.131) . we find that for all 
(x,t) E JJq x [to — t, to] we have 

K(x,to)-0.1B^ 1 e~ n/2 < K(x,t ) < K(x,t 0 ) + 0.lBQ 1 0~ n/2 . 

In particular, for x E SUq x [to — r, to] we have 

K(x, t) < 0 .6Bo 1 0~ n/2 . 

So if we dehne ip € C°(Uq x [to — r, to]) by 

ip(x,t) := max {K(x,t) — 0.6 Bq 1 9~ T1 ^ 2 , 0}, 

then supp ?/>(•, t) is compactly contained in Uq for all t E [to — r, to]. So ip can be continued 
to a function ip E C°(M x [to — r, to]) by setting ip(x,t ) := 0 for x E M \ [To- 
Let us summarize the properties of ip. First, we have 

0 < ^ < 50" n/2 . 


on M x [to — r, to] • We also have 

|V-0| < B9~ n / 2 - 1/2 , \dt$\ + |A$ < 2B9~ n / 2 ~ l 

whenever ip > 0. Lastly, we have 

$(xo,to) > O.TB 0 ' 1 (9” n/2 . 

So if we set (p := •^•-B _1 T ri / 2+1 '0, then 

0 < (p < 1 and 0(xo,to) > c 
for some uniform constant c > 0 and 

IW|<±, 13^1 + |a£| < 1, 
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whenever (f> > 0. So if we set <f> := 0 2 , then assertions (a), (c) and (d) hold for an 
appropriate p. Assertion (b) follows from the fact that 4>(xo,to) > c 2 and assertion (d). 
Note that <f> is twice differentiable and can be mollified to become smooth while preserving 
assertions (a)-(d). □ 

As an application of Theorem 11.31 we construct a cutoff function with bounded time 
derivative, which vanishes outside of a ball at one time level and whose time-derivative is 
positive and bounded away from zero. This function will be used as a barrier in the proof 
of Theorem [131 in section [6j 

Lemma 3.2. Let (M n , (gt.)to{o.T)) > T < oo be a Ricci flow on a compact n-manifold. Then 
there is a constant p > 0, which only depends on v[go. 2 T],n, such that the following holds: 

Let (xoflo) E M x [0, T) and 0 < ro < y/ff and 0 < r < 2p 2 rg. Assume that R < rff 2 
on P(xo,to,ro, — r). Then there exists a cutoff function 4> E C°°(M x [to — r, to]) with the 
following properties: 

(a) 0 < (j) < ro everywhere. 

(b ) <t> > pr 0 on P(x 0 ff 0 ,pr 0 ,-T). 

(c) </>(•, t 0 ) = 0 on (M \ B(x 0 ,to,r 0 )) x [t 0 - r,t 0 ]. 

(d) is 1-Lipschitz for each t E [to — r, to]. 

(e) d t (j> > rff 1 on P(x 0 ,t 0 , pr 0 ,-t). 

Proof. Let (f> E C'°°(M x [to — r, to]) be the cutoff function from Theorem 11.31 and set 

4>(x, t) := ro max {4>(x, t ) — 2r 0 _2 (to — t), 0}. 

Assertions (a), (c), (d) are obviously true. Let now (x,t) E P(xo,to, pr®, — r). Then, 
assuming p < 0.1, we have 

4>(x, t) > r 0 (p - 2 p 2 ) > \pr 0 

and 

dt<f>(x,t) > r 0 {-rff 2 + 2 vq 2 ) = rff 1 . 

So assertions (b) and (e) hold after replacing p by ^p. □ 

4. Mean value inequalities for the heat and conjugate heat equation 

In this section we present some consequences of the existence of the cutoff function from 
Theorem 11.31 Our first result, Lemma [4. 2 1 will be a mean value inequality for solutions of 
the conjugate heat equation. This mean value inequality will be used in the subsequent 
section to deduce a Gaussian upper bound for heat kernels. Similar mean value inequalities 
have been proven under various extra conditions, such as boundedness of dt.g. Here we just 
assume a global bound on the scalar curvature. Note that the results of this section can 
be generalized easily to the setting in which the scalar curvature is only locally bounded. 

Lemma 4.1. Let (M n , {gt)te[o,T))> T < oo he a Ricci flow on a compact manifold that 
satisfies R < Rq < oo everywhere and let p > 2. Then there are constants 0 < a < 1, 
A < oo that only depend on p,is[go,2T],n such that the following holds: 
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Let (xo,to) € M x [0, t) and 0 < ro < min{i? 0 1//2 , -y/to} an d ^t u E C°°(M x [t 0 , to + r o]) 
be a solution of the conjugate heat equation 112.6}) . Then 


' Q+(xo,to,aro) 


\ 2 /P 
u p dgtdt ) < 


A 


fn+2)(p-2)/p 


r 0 


/ 


Q+(x 0 ,t 0 ,r 0 ) 


u 2 dgtdt. 


Proof. We may assume by parabolic rescaling that ?’o = 1 and hence \R\ < n on M x 
[to — 5 , to] ( see section [2] for more details). Let p > 0 be the constant from Theorem 11.31 
By the distance distortion estimate of Theorem 11.11 we can find some uniform constant 
0 < P < 1 such that 

B(x 0 ,ti,/3) C B(x 0 ,t 2 ,l) for all ti, t 2 E [t 0 , t 0 + f3 2 p 2 }. 

Next, we can find some uniform constant 0 < 7 < j3p such that 

5(x 0 ,ti,7) C B(xo,t2,/3p) for all ti, t 2 E [to,to + 2y 2 ]. 

Let </> E C°°(M x [to, to + 2y 2 ]) be the cutoff function from Theorem II .31 applied at scale 
f3 and at time to + 2y 2 . Recall that for some uniform constant Co < 00: 

(i) 0 < <f> < 1, |V^| < /3 -1 < Co and \dtf>\ < f3~ 2 < Co on M x [to,to + 27 2 ]. 

(ii) 4> = 0 on (M \ B(xq, to + 27 s , /3)) x [t 0 ,t 0 + 27 2 ] D M x [t 0 , t 0 + 27 s ] \ Q + {x 0 , to, !)• 

(iii) 4> > P on P(x Q , t 0 + 2-f 2 , f3p, - 2 7 2 ) D Q + {x 0 , to, 7 )- 

Let g E C°°([to, to + 27 s ]) be a cutoff function with p = 1 on [to, to + 7 2 ], vif 0 + 27 s ) = 0, 
T) < 1 and | rf \ < Ci for some uniform constant Ci < 00. Then the function 

if{x,t) := rj(t)(j)(x,t) 

still satisfies the properties (i), (ii) above, possibly after adjusting Co and we have if > p 
on Q+(x 0 ,to,7)- 

The remainder of our proof resembles the standard Moser iteration except that we need 
to use the improved cut off function if. We first note that 


(4.1) 


A u p/2 - V -Ru vl2 + d t u p/2 > 0. 


So integrating u p against , 0 2 at a some time t E [to, to + 2y 2 ] yields, for a generic constant 
C and for B := B(x 0 , to + 2y 2 , (5) 


— [ uPif 2 dgt = 2 


dt 


I M 


> 2 


> 2 


= 2 


= 2 


> 2 


f {dtu p / 2 )u p l 2 if 2 dgt + 2 [ vP{dtif)ipdgt — [ u p ^ 2 Rdgt 

J (-A u p/2 + | Ru p/2 ) u p/2 if 2 dg t -C J u p dg t 

f (Vu p / 2 ) • (V(u p / 2 V# + u p l 2 7fSJpf)dg t -C [ u p dg t 

J M J B 

[ (V(u p/2 V’) - u p/2 VV>) • (V(u p/2 V’) + u p/2 Vf;)dgt - C [ u p dg t 

J M JB 

[ \V(u p ' 2 iP)\ 2 dg t -2 [ u p \Vf;\ 2 dg t -C [ u p dg t 

J M Jm Jb 

[ \V(u p / 2 f;)\ 2 dg t -C [ u p dg t . 

J m Jb 
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By m\ (see also [Ye]), there is a Sobolev inequality of the form 


(4.2) 


/ M 


n — 2 
2 n 


v n ~ 2 dg t < Cs / \S7 t v\ dg t + Cg / v z dg t 


/M 


1/2 


/M 


1/2 


for any v € C 1 (M) and t € [0, T), where Cs < oo only depends on v[go, 2 T] and n. So we 
obtain 

n —2 

[ u p il?dg t >C~ l ( [ u^ip 2 dg t '\ - C [ u p dg t . 

at J m V J m / Jr 

Integrating this inequality from t\ € [to, to+ 27 2 ] to to+2y 2 and observing that the integral 
on the left-hand side vanishes for t = to + 2y 2 yields 


0- [ u p (-,ti)^ 2 {-,ti)dg tl 

J M 


> C 


-1 


r-t 0 + 2 1 / r \ — rio+27 /• 

/ I / u n - 2 ip~dgt) dt — C / u p dgtdt. 

Jt 1 V ./ M / Jq Jb 


Letting ti vary over [to, to + 2y 2 ], we obtain 


sup [ u p (-,t)ilj 2 (-,t)dgt + [ ( [ u™- 2 'ip 2 dg t ') dt 

),to+2"/ 2 ]J J to \J M / 


iS[to,io+ 27 : 

So by Holder’s inequality 

fto+ 27 2 


< C 


i-t 0+27- i- 

/ / ' 

J to J B 


viPdgtdt. 


nt 0+^7“ /■ ,9, /"io+27 2 /> 

/ / u p ( 1+ ™^t/j 2 dgtdt = / 

J to J M «/ f o ^ 1VI 


2 (n— 2 ) 2 4 

u p 4> 71 • u™ p il>™dgtdt 


< 

11 0 
flo+27 2 


r +7 f f u&tfdgt) " ( [ u p t/j 2 dg t Ydt 

Jt 0 \J M / V JM / 


< 


(r (t 

V J t 0 V 2 m 


u— 2 ^ 2 dg t dt) ■ [C 


j-to+ 2 'y 2 

Jt 0 

< ( C 


/ uPdgtdt 
Jb j 

/•to+ 27 2 /■ 

/ / 

</ f 0 J B 


u p dgtdt 


Using the fact that i/j > p on Q + (xo,to,'y), it follows that 

^ \ i/p(i+—) 

/ " <C\ 

’ Q + (xo,to,l) J 

Applying this inequality successively at scales y fc , yields the desired inequality for p = 
2(1 + 2.) fc and a = 7 ^ and some A, which may depend on k. If p takes other values, we 
can use interpolation to prove the result. □ 


[ uPdgtdt) ' V . 

lQ+(xo,to,l) J 


Next we prove a mean value inequality for the conjugate heat equation. At first glance, 
it may seem that the Moser iteration in the proof of the previous lemma will lead to the 
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mean value inequality. However, since the size of the cube Q + (x o,to, 7 fc ) shrinks to 0 when 
k —>• oo, we have to take a different path. 

Lemma 4.2. Let (M n , (gt)te[o,T)) > T < oo be a Ricci flow on a compact manifold that 
satisfies R < Ro < oo everywhere. Then there are constants fl > 0, C < oo, which only 
depend on v[go, 2T], n, such that the following holds: 

Let (xo, t 0 ) € Mx [0, T) and 0 < ro < min{P 0 1 ^ 2 , y/to} and let u € (^“(M x [t 0 , t o+i’o]) 
be a solution of the conjugate heat equation 112.6}) . Then 

C f 

sup u 2 < —2 / u 2 dg t dt. 

Q +( xo , t 0 ,/ 3 ro ) Tq JQ +( xo , to , ro ) 

Proof. As in the previous proof, we may assume that ro = 1 and \R\ < n on M x [to — ^, to]• 
Let a > 0 be the constant from Lemma EH for some p > n + 2 , which we will fix for the 
rest of the proof and let p > 0 be the constant from Theorem 11.31 By Theorem 11.11 there 
is a uniform constant 7 > 0 such that 

P(x 0 ,s, 7 / 9 , s - to) C Q + (x 0 ,t 0 ,a) for all s € [t 0 ,t 0 + (yp) 2 ]. 

Next, we can find a uniform constant 0 < fl < (7 p) 2 such that 

Q + (x 0 ,t 0 ,l3) C P(xo,to + 2fl 1 1 'yp, -2/3 2 ). 


So we have 

(4.3) Q + (x 0 ,to,/3) C P(x 0 ,t 0 + 2/3 2 , 7 / 1 , —2/3 2 ) c Q + {x 0 , t 0 , a). 

Apply Theorem 11.31 at the point xo, at scale 7 and at time to + 2/3 2 . We obtain a cutoff 
function cj) € (^“(M x [foPo + 2 fl 2 ]) with the following properties for some universal 
constant Co < 00 : 

(i) 0 < 0 < 1, |V</>(-,f)| < 7 -1 < Co, \d t (j)\ + |A^| < 7” 2 < C 0 on M x [t 0 ,t 0 + 2/3 2 ]. 

(ii) 4> = 0 on (M \ B(x 0 ,t 0 + 2/3 2 , 7 )) x [t 0 ,t 0 + 2/3 2 ]. 

(hi) 4>> P on P(x 0 ,to + 2/3 2 ,7 p, —2/3 2 ). 

Let g € C°°([to,to + 2fl 2 )) be a cutoff function with g = 1 on [to, to + fl 2 }, g{to + 2fl 2 ) = 0 , 
77 < 1 and | rf \ < C\ for some uniform constant C\ < 00 . Then the function 

i>(x,t) := g{t)4>{x,t) 

still satisfies properties (i), (ii) above, possibly with a larger constant Cq and we have 
V>(-,£o + 2/3 2 ) = 0. 

Notice that 

A(wif) — Ruip + dfluif) = uAif + udtfl> + 2 VuVip. 

Fix (x, t) € Q + (xo, to, fl) and consider the heat kernel K(z, s) = K(z, s; x, t) of the forward 
heat equation, dtK = AK, centered at (x,t). Then 

rto+2/3 2 r 

(uif)(x,t) = / / K[z, s) (uAfl> + ud s 'il> + 2VnV^) (z, s)dg s (z)ds. 

Jt J M 
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After integration by parts, this becomes 

rto+2/3 2 


rto+zp- r 

(uip)(x,t) = / / K(z, s)u(z, s)( — + d s ip)(z, s)dg s (z)ds 

Jt J M 

rto+2/3 2 r 

+ 2 / / u(z,s)V z K(z,s)V^(z,t)dg s (z)ds 

Jt J M 

From properties (i), (ii) of the cutoff function ip and (14.31) . it follows that 

rto+2/3 2 r 

\uip\(x,t)<C 0 / K(z,s)\u\(z, s)dg s (z)ds 

Jt JB(xq,s,o.) 


rto+2/3- r 

Jt Jr 


B(xo,s,a) 


+ 2 Co 
= Coli + 2Coh- 

Next we bound I\. By Holder’s inequality, for q = p/(jp — 1) 

1/9 / rto+2/3 2 


X7 z K(z,s )I • \u\(z, s)dg s (z)ds 


h < 


< 


f rto+2/3 2 r \ V9 / /+0+2/3 2 r 

( / / K q (z,s)dg s (z)ds ) ( / / |tt| p dg s ds 

\ Jt JB ( xo , s , a ) / \Jt JB ( xo , s , a ) 

/ /•to+2/3 2 j* \ 1/^ 

/ / K q (z, s)dg s (z)ds j A||rt|| £ , 2 (Q+(x0it0!l)) , 

V Jt J B(xo,s,a) J 


i/p 


where we have used Lemma 14.11 By (12.91) . there exists a universal constant C such that 

C 


(4.4) 


K(z, s ) < 


(s — t) n /2 
On the other hand, we deduce from 
d 


for s € (t, t + 1]. 




that 


/ K(z,s)dg s (z) = - R(z,s)K(z,s)dg s (z)<n K(z,s)dg s (z ) 

JM 4m jm 

/ K(z,s)dg s (z) < C for s€ (t,i + 1]. 

4m 


So by the interpolation inequality 
rto+2/3 2 


h < c 


< 


r 1 \V9 

J s K ( Z ’ S \ s _ t) { q -l)n/2 d 9^ ds J ^IMU 2 (Q+(*o4o,l)) 

/ Ho+2d 2 1 X 1 /? 

CyJ t ( s _ t')(q-l)n/2 dS J M\ u \\L 2 {Q+{x 0 ,to,l))- 


Since p > n + 2, we have (q — l)n/2 < 1. This shows that 

h < CA|H| i 2 ( Q+ (a , 0vtchl)) . 

Next we bound / 2 ; which requires a bound on \7 z K(z, s; x, t ). From (14.41) . we know that 
for all s € (t, t + 1], 

. , 2 n / 2 C 

J s := sup A (•, •; x, t) < 

Mx[f,s] 


(s — t) n / 2 
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Since the function K(z,s ) = K(z, s; x,t) is a solution to the (forward) heat equation, we 
deduce using (I2.8[) 

| V z K(z,s)\* C J s 

< -log 


K 2 (z , s 

Letting q = p/(p — 1) again, we find 

a jq 

\V z K(z,s)\ q <K(z,s) 


-i 


(s — t)i / 2 


s — t K(z,s) 

9-1 
Js 


log 


Js 


K(z, s) 


q /2 


Note that since K(z, s)/J s < 1, the product of the last two factors is bounded from above, 
which implies 

\S7 z K(z,s)\ q < - - zrr~7T\ - ttkK(z,s), 

1 2 V - ( s _i)((n+ l)q-n)/2 1 

where C only depends on v[go,2T] and n. Using this gradient bound and Holder’s in¬ 
equality, we deduce similarly as before 


h < 


< 


< 


pt o +20- r 

Jt Je 


B(x 0 ,s,a) 


\X7 z K\ q (z,s)dg s (z)ds 


1/9 / fto+2/3' 


rta+zp- p 

Jt Je 


B(x 0 ,s,a) 


\u\ p dg s dsj 


\ 1 /p 


/ rt 0 +2p 2 p (j \ 1 /? 


pto+2/3 2 


c 


\ 1/9 


( s _ t}{{n+l)q-n)/2 j A\\ U \\L 2 (Q+(xq ,t 0 ,1)) 

From p > n + 2, one knows ((n + 1 )q — n)/2 < 1, therefore 

h < CA\\u\\ L 2 {Q + {xoMtl)) . 

Altogether, this gives 

MOM) < CA\\u\\ L 2( Q + (x0itoA)) . 
The claim now follows from the fact that if{x,t) > p. 


□ 


Next we present a mean value inequality for the (forward) heat equation. We begin 
with a lemma that is similar to Lemma 14. II on the conjugate heat equation. 

Lemma 4.3. Let (M", {gt)te[o,T)) > T < oo be a Ricci flow on a compact n-manifold that 
satisfies R < Rq < oo everywhere and let p > 2. Then there are constants 0 < a < 1, 
A < oo, which only depend on is[go,2T], n and p, such that the following holds: 

Let (xo, to) € Mx [0, T) and 0 < ro < min{i? 0 1 ^ 2 , and let u € C°°(M x (to—7g, to]) 
be a solution of the heat equation 112. 51) . Then 


(4.5) 
and 

(4.6) 


A 


j • \ 2/p 

MrdS,dt ) ~ ;<n+2)(p-2)/p J Q - M _ r) 


f 

Jo 


ufdgtdt 


A 


r \ 2/p 


f 

Jo 


u\ 2 dgtdt. 
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Proof. The proof is similar to that of Lemma 14.11 Assume again that tq = 1 and that 
|i?| < n on M x [to — to]- Using Theorem 11,31 and the distance distortion estimates of 
Theorem 11.11 we can construct a cutoff function if € x [to — 27 s ,to]), for some 

uniform 7 > 0 , such that for some uniform Co < 00 

(i) 0 < if < 1, \Vif\ < C 0 , \d t if\ < Co on M x [t 0 - 27 s ,t 0 ]. 

(ii) if = 0 on (M x [t 0 - 27 s , t 0 j) \ Q~(x 0 ,t 0 , 1). 

(hi) if > p on Q~(xo,to,'y). 

(iv) if(-,t 0 - 27 2 ) = 0 . 

Analogously to (14.11) . we use the inequality 

(4.7) A u p/2 - d t u p/ 2 > 0 


and integrate u p against if 2 , which gives us for any t € [to — 27 2 ,to] 
d 


(4.8) 


dt 


[ u p if 2 dgtdt > 2 / | V(u p/2 if)\ 2 dg t -C [ u p dg t 

J M JM JB(x 0 ,t, 1) 


Applying the Sobolev inequality (14.21) . integration in time and using Holder’s inequality 
and (iii) yields 

r 2 xVpU+ii) 

/ u p ( + n^dg t dt) <C | 

iQ-(xo,to,j) J 

Iterating this inequality for p = 2(1 + ^) k and a = 7 ^ and using an interpolation argument 
proves m- 

In order to prove (|4.6j) . we first integrate (14.81) for p = 2 in time and obtain 

do 


[ u p dg t dt) /P . 

'Q~(xo,to,l) J 


-[ u 2 (-,t 0 )if 2 (-, t 0 ) dg t dt > 2 f f \V(mf)\ 2 dg t dt - C [ u 2 dg t dt. 

</M Jto-27 2 JM JQ— (xq 


So 


rto 


' tQ—2 r ) 2 iM 


(uif)\ 2 dg t dt < C / u 2 dgtdt. 

J Q-(x 0 ,t 0 ,l) 


Since \Vu\ 2 if 2 = \V(uif) — uVif\ 2 < 2\V(uif)\ 2 if 2 + 2u 2 \Vif\ 2 , we have 


/ 

JQ 


\X7u\ 2 dgtdt < C 


iQ-{x 0 ,t 0 ,i) 


u 2 dgtdt. 


iQ-{x 0 ,t 0 ,i) 

We will now lift this L 2 -estimate to an L p -estimate using Moser iteration. The proof is 
similar to the proof of f)4.5|> . except that we have to replace u by |Vit| and (|4.7D by 

A|Vu | 2 - <9t|Vii | 2 = 21Hess u | 2 > 0. 


Then we obtain 


\ i/p(i+~) 

\Vu\ p ( 1+ ^dg t dtj <C 


IQ (io,io,7 2 ) 

Iterating this inequality proves the desired result 


>Q~(xo,to,i) 


\ i/p 

\Vu\ p dgtdt) . 


□ 


Now we state and prove the mean value inequality for the heat equation. 
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Proposition 4.4. Let (M n , (gt)te[o,T))> T < oo be a Ricci flow on a compact n-manifold 
that satisfies R < Rq < oo everywhere. Then there are constants fl > 0, C < oo, which 
only depend on u[g 0 ,2T\,n, such that the following holds: 

Let (xo, to) ^ Mx [0, T ) and 0 < ?’o < min{i? 0 1//2 , -v/^o} and let u € C'°°(M x (to —Tq, to]) 
be a solution of the heat equation \Z.5\) . Then 

C f 

sup u 2 < / u 2 dg t dt. 

Q~ (xo,to,aro) r dQ~(xo,to,r 0 ) 


Proof. The proof is similar to that of Lemma 14.21 Assume again that ro = 1 and hence 
that \R\ < n. Fix some p > n + 2 and determine a > 0 from the previous Lemma 14.31 
Using Theorem II.31 and the distance distortion estimates of Theorem ll.il we can construct 
a cutoff function if € C'°°(M x [0, to]) for some uniform 0 < fl < a such that 

(i) 0 < 0 < 1, |V0(-,t)| < Cq, \d t if \ + |A0| < C 0 on M x [0,t 0 ] 

(ii) '0 = 0 on M x [0, t 0 ) \ Q~(x 0 ,t 0 , a). 

(iii) 0 > p on Q~(x 0 ,to,/3). 

Clearly 

A(ti0) — dfluif) = u(Atp — dtif) + 2 V0Vm 

Fixing (x,t) € Q~(x o,t 0 ,/3), let K(y,s) = K(x,t\y, s) be the fundamental solution of the 
conjugate heat equation on the whole manifold. Then 

(m/j)(x,t) = - ( f K(y,s)(u(A-d t )ip+ 2VifiVu)(y, s)dg s (y)ds. 

Jo J M 

From properties (i)-(ii) of the cutoff function 0, we deduce 

\uif\{x,t) <C ( f K(y,s)(\u\ + \Vu\)(s,t)dg s (y)ds 

JtQ—a 2 JB(xo,s,a) 

By Holder’s inequality, for q = p/(p — 1), 


|tt0|(x, t) < 


t 

to—a 2 JB(xo,s,a) 
t 


1/q 

K q (y,s)dg s (y)ds ) x 


i/p 


/ / \u\ p (y,s)dg s (y)ds 

Jto—a 2 JB(xo,s,a) 

t r \ 1 ./P 

+ \ I / \^u\ p (y,s)dg s (y)ds 

to—a 2 JB(xo,s,a) 

\ Cl 


< 


'to—a 2 JB(xo,s,a) 


f 

J to—a 2 J E 

K g (y, s)dg s (y)ds I A\\u\\ L 2 {Q - {x0ttoA)) 


where we have used Lemma 14.31 By (12.9jl again, there exists a universal constant C± < oo 
such that 

Ci 

(t — s) n / 2 


K(y,s) < 


for s € [t — 1,t). 






26 


RICHARD H. BAMLER AND QI S. ZHANG 


Substituting this to the previous inequality, we deduce 

1 


\uij}\{x,t) < C ( f f K(y, s)dg< 

\Jto~a 2 JB(xo,s,a) 


(y)- 


(t - s)('i , ~l)«/2 J 

Since j' R{xosa) K(-,s)dg s < 1, this implies 

1 \ 1//? 

I tg—a 2 [t 

From the assumption p > n + 2, we have (q — l)n/2 < 1, which shows 

WI(M) < CA\\u\\ L 2 iQ - {x0tt0tl)) . 

The proposition follows using property (iii). 


\ 1/9 

ds A\\u\\L 2 (Q-(xo,to,l))- 


HIM) < C (J (t _ s Yg- 1)n /2 dT ) A \Mm Q -(x 0 ,t 0 ,l))- 


□ 


5. Bounds on the heat kernel and its gradient 


Now we are ready to prove bounds for the fundamental solution of the heat equation 
and its gradient. A similar lower bound is proven in [Zllj . An integral average upper 
bound is proven in [HNj . which is very important for us. 


Proof of Theorem \1.4\ We may assume by rescaling that Rq = 1. 

Step 1. The lower bound follows quickly from Theorem 11.11 and ([2.111) . Recall that 


K(x, t\ y, s) > 


c - 1 ( 

(^F^ exp ( 


df. (x,t) \ 

2 (t - s )/ 


Notice that the distance is measured by the metric gt . Now we have to get a lower bound 
involving the distance d s (x,y), measured by the metric g s . By Theorem 11.11 applied 
multiple times at scale ro 4— Ar^l^yjt — s, there is a uniform constant B = B(A) < oo 
such that if dt{x,y) > Byjt — s, then d s (x,y) > B~ l dt(x,y), which implies 


exp 


dt( x iV) \ 
2 (t-s)J 


> exp 


B 2 d 2 s (x,y) \ 
2 (t-s) ) 


On the other hand, if dt(x,y ) < By/t — s, then 


exp 


d 2 t \x,y) 
2 (t — s) 


, B 2 \ 

> exp ( ——J > exp 



d 2 (x,y) \ 
2 (t — s)J 


So in both cases, we get the desired bound for the right choices of C± and O 2 . Note a 

similar argument allows us to replace d s (x,y) by dt(x,y) in the other heat kernel bounds. 

Step 2. We prove the bound for K. Recall that by (12.91) . there exists C = C(A) < 00 
such that 

(5.1) K(x, t; y, l) < /2 for le[s,t]. 

Using Theorem 11.11 multiple times at scale ro ■$— A~ 1//2 y/t — s, we can find a uniform 

constant B = B(A) < 00 such that if d s (x,y) > B\Jt — s, then 

(5.2) B~ 1 d h (x,y) < di 2 (x,y) < Bd h (x,y) for all li,l 2 €[s,t]. 
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We first consider the case in which d s (x,y ) < By/t — s. By (15.1|) we have 


K(x,t;y,s ) < 


C 


■ exp(B 2 ) exp ( — 


di st 2 (x,y) 
t — s 


(t — s) n / 2 

So in this case we are done. Therefore, assume from now on that (15.21) holds. 

Next let us recall the following average bound for K in Theorem 1.13 and (1.20) of [TIN ] 
(cf Theorem 1.30 and (1.32) on their arXiv version), for l E [s,t]: 


(5.3) 


I B(y,l,y/t - l)\i J B(y,l,y/t=I) 


I\(x, t; z, l)dgi(z) 


< 


(t-V* 


-1 


C 


exp 


tf{x,y) 


8 (t-l) 

By result of Step 1, we hnd that there is a uniform constant c = c(A ) > 0 such that 


K(x , t; •, s) > 


('t — s) n / 2 


on B(x,l,y/t — s ). 


Moreover, by (12.31) . we have \B(x, l,y/t — l)\i > (t — l) n / 2 . So the integral on the 
right-hand side of (15.31) can be bounded from below by a uniform constant and we obtain 


-f 

1 1 


I B(y,l,Vt-l)\i 

Using (12.4p and (15.21) yields 


C 

K(x, t\z, l)dgi(z) < ———— 
Vt=I) (t - l) n /~ 


exp 


J B(y,l,y/t = l) 

Together with (15.11) we get 


K(x,t; z,l)dgi(z) < C exp ( "UT ) — Cexp [ — 


K 2 (x,t;z,l)dgi(z ) < 


C{t - l ) 


c 


df{x,y) 

8 (t - l) 

d 2 s (x,y) 

C(t -s)J ' 


exp 


lB( y ,i,Vt=I) ( t~l ) n/2 

Integrating over the time-interval [s, (s + t)/ 2], we see that 


As+t )/2 r 

J s J E 


B(y,l,Vt=l) 


K 2 (x,t', z,l)dgi(z)dl < 


C(t - s ) 
(f — s ) n / 2 


d 2 s (x,y) 

C(t — s) 

d 2 s (x,y) 


exp 


C(t- s) J ' 


Note that t—l > (t—s )/2 on the time-interval [s, (s+t)/ 2], Hence for r := A 1 / 2 y / (t — s)/2 
we have 


r (j 

/ K 2 (x,t-,z,l)dgi(z)dl < /2 _ 1 exp 

'Q + (y,sx) U ' 


So by the mean value inequality from Lemma 14.21 we find 


K 2 (x,t;y,s ) < 


C 

„n+2 


/ 


Q + (y,s,r) 


K 2 (x,t\ z,l)dgi(z)dl < 


C 


{t - s) ? 


d 2 s (x,y) 

C(t — s) J ' 

d 2 s {x,y) 
C(t — s) 


■ exp 


This implies the upper bound on K(x,t;y,s). 
Step 3. We prove the bound for V/v. 
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Fixing (y, s ), we regard K(x, t.) = K(x. t ; y , s) as a solution to the forward heat equation. 
According to (12.8jh we have 

\V x K(x,fly,s)\ 2 < C 


log' 


J 


K 2 (x,t-y,s ) t s K(x,t;y,s)' 

Here J is the maximum of AT(-, -;y,s) on M x Hence 

J 


C 


V x K(x,t-,y,s)\ 2 < -^—■JK(x,t;y,s)- K ( X,t ’ y,S ^ log - - 

t — s J K[x,t;y,s) t — s 


< - - JK(x,t-y,s). 


By (EH) 


J < 


C 


(t — s) n / 2 

Combining this with the previous inequality, we deduce 


\X7 x K(x,t- } y,s)\ 2 < 


C 


(;t - S y+( n / 2 ) 


K(x,t\y,s) 


< 


c 


Cl 


d 2 s {x,y ) 

(t - S ) 1 +(«/2) (* - S )"/2 XP V C 2 (t - S) 


This yields the desired bound for \X7 x K\. 


□ 


6. Backward pseudolocality 

In the following lemma we derive bounds on the Ricci curvature and the time derivative 
of the curvature tensor that are better than expected, given bounds on the curvature and 
the scalar curvature on a parabolic neighborhood. The bound on the Ricci curvature can 
also be found in [ Wa . Theorem 3.2], We give a proof for completeness. 

Lemma 6.1. There are universal constants Co, Ci,... < oo such that the following holds: 

Consider a Ricci flow (M, {gt)te[o,T))■ Let xq G M, to G [0, T) and 0 < rg < min{l,to}- 
Assume that the ball Bfxo-,toi r o) relatively compact and that we have the curvature 
bounds |i?| < n and |Rm| < r q 2 on the parabolic neighborhood P = P(xq, toTO) —r o)- 
Then |Ric|(x’o,to) < Cor q -1 and |3tRm|(xo,to) < C'o^ 3 - Moreover, we have the bounds 
|V m Ric|(xo, to) < Cor^ 1- ” 1 for all m > 0. 

Note that by Shi’s estimates (cf jSlil ) we only have |(9tRnr|(x,t) < Cr -4 . So the lemma 
shows that the exponent can be improved under an additional bound on the scalar curva¬ 
ture. 

Proof. We first rescale the given Ricci flow parabolically, along with the radius tq, such 
that ro = 1. Then we have the bounds |Rm| < 1 and \R\ < Rq '■= nr q, for some 

■y j2 

Ro < n, on P(xo,to, 1,-1). The goal is then to show that |V m Ric|(xo,to) < C m R 0 and 

|<9tRm|(x 0 ,to) < CoRq 2 . 

Observe that by Shi’s estimates (cf [Sh] ) there are universal constants Dq,D\, ... < oo 
such that 


( 6 . 1 ) 


V m Rm| < D m 


on 


P(x 0 ,t o, 
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for all m = 0,1,.... Let a > 0 be a small constant, whose value we will determine later, 
and consider the exponential map 

p : B(0,a ) C M 71 —> B(xo,to,a ) C M 

based at xo with respect to the metric gt 0 . Let g t = p*gt, t € [to — a 2 , to] be the rescaled 
pull back of gt . Note that in our applications, due to the non-collapsing property (see 
m), we have a lower bound on the injectivity radius at xq and hence the map p can be 
guaranteed to be injective for sufficiently small a. To keep this lemma more general, we 
will, however, not assume this property and instead proceed as follows: By Jacobi field 
comparison and distance distortion estimates under the Ricci flow, we find that there is a 
universal choice for a such that the metric gt is 2-bilipschitz to the Euclidean metric on M 71 
for all t £ [to — a 2 , to]- Moreover, it follows from (16.111 that there are universal constants 
Do, D i,... < oo such that 

\d m g t \ < D m on B(0,a) x [t 0 - a 2 ,t 0 \. 

Note that gt is still a Ricci flow on B( 0, ar), which still satisfies |Rm| < 1 and |i?| < Rq. 
From now on, we will work with the metric gt only. Let now 0 € Cq°(B(0, a)) be a cutoff 
function that satisfies 0 < (f> < 1 everywhere and (f> = 1 on B(0, \a). This cutoff function 
can be chosen such that \d<f>\, \d 2 4>\ are bounded by some universal constant C\ < oo. This 
implies that there is a universal constant C 2 < 00 such that 

\Ag t cj)\ < C 2 for all t € [to — a 2 , to]- 
We now make use of the evolution equation for the scalar curvature of gp. 

dtR = Ag t R + 2|Ric| 2 . 

Integrating this equation against (f) and using integration by parts yields 


d t [ R{-,t)(j)dgt 
J B(0,a) 


1 B(0,a) 

< C 2 a ~ 2 [ 


2\Ric(-, t)\ 2 <f>dg t 

\R(;t)\dg t + [ \R(-,t)\ 2 4>dg t 

J B(0,a) 


' B{ 0,a) 


< C3R0 + C3R0 < 2nC3.R0, 


for some universal C 3 < 00 . Integration in time gives us 


r»£o 


/ to—a 2 J £( 0 ,a) 


| Ric1 2 <l>dgtdt < 


\R(-,to)\<j>dg{to) 


+ / |R(-,to — o 2 )| (f)d7j(to — a 2 ) + 2C3R0 • c? < C4R0, 

J B(0,a) 

for some universal C 4 < 00 . Thus, there is a universal C 5 < 00 such that 

1 /2 

ll RlC llL 2 (B(0,ia)x[<o-a 2 r2,t 0 ])) < ^5^0 • 

Note that Ric satisfies the linear parabolic evolution equation 
(6.2) (dt — A g t — 2 Rm) Ric = 0. 




30 


RICHARD H. BAMLER AND QI S. ZHANG 


The coefficients of this equation are universally bounded in every C’^-nornr. Hence it 
follows from standard parabolic theory that for some universal Cq < oo 

|Ric|(x 0 ,t 0 ) = |Ric|(0,to) < C 6 \\mc\\ L 2 {B{0 i a)x[to _ a 2 M)) < C & C b R\ /2 . 

This establishes the first part of the lemma. 

Similarly, or by applying the lemma at smaller scales, we obtain that for some universal 
constant C 7 < 00 

|Ric| < C^R^ 2 on B( 0, |a) x [to - |a 2 ,fo]- 

We can now apply the Schauder estimates on (16.21) and obtain that for all m > 0 

|V m Ric| = |V m Ric|(0, t 0 ) < C' m R ^ 2 

for some universal constants C' m < 00 . For the bound on \dt Rm |(xo, to) observe that at 
(xo,to) (compare also with [HEIl Lemma 7.2]) 

dt Rniabcd — Ric a j Rni/Y,,..,/ T Ric&i Klll,,,,,^/ ~\~Wac Ric&eZ TV ad RlCfec V l jr Ric a rf V btl Ric ac • 
So 

\dt Rm|(a: 0 , t 0 ) < C 8 |Ric(xo, to)| • |Rnr(x 0 ,to)| + |V 2 Ric(x 0 , t 0 )| < CqR 1 J 2 ■ 1 + C' 2 Rl /2 . 
This finishes the proof of the lemma. □ 


With this lemma in hand, we can prove the backwards pseudolocality theorem. 

Proof of Theorem \1.5[ First, note that by parabolic rescaling by r ^ 2 it suffices to prove 
the following statement: 


Claim. Let (M n , {gt)te[o,T))i 1 < T < 00 be a Ricci flow on a compact manifold. Then 
there are constants e > 0, I\ < oo, which only depend on is[go,2T],n, such that the 
following holds: 

Let (xoflo) € M x [1,T) and 0 < ro < 1 and assume that 

\R\<n on P(x 0 ,f 0 ,r 0 ,-2(£r 0 ) 2 ) 


and 

Then 


|Rm(-,t 0 )| < r 0 2 


on B(x 0 ,to,ro)- 


|Rm| < Kr 0 2 on 


P(x 0 ,t 0 ,£r 0 ,-(£r 0 ) 2 ). 


Note that the theorem follows from the claim if we set ?’o = 1. The lower bound R > —n 
on P(x 0 , t 0 , 1, — (2(er 0 ) 2 ) C M x [to — 7/, to] follows as explained in section [ 2 ] (here we have 
assumed that e < ^). Next choose 1 > r* > 0, such that 

(6.3) 4C 0 p~ 3 <rf 1 . 

Observe that in order to prove the claim, it suffices to prove the claim for the case in 
which r < r*, as the case r > r* follows from the case r = r* by adjusting the constants 
£,K to er*, Ki\ 2 , respectively. So let us in the following assume that 

ro < r*. 

We now choose the constants e, K as follows: 

and K := e~ 2 = p~ 2 . 


£ := P 
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Before we carry out the main proof, we use a point-picking argument to show that, 
without loss of generality, we can assume that the claim is already true on smaller scales 
rp and earlier times to- I 11 other words, the proof will utilize “induction” on the scale 
ro: The claim is obviously true for some very small scale ro > 0, which may depend on 
the given Ricci flow, since the curvature on M x [0, to] is always bounded by some (non- 
uniform) constant. In the following proof we will show that if the claim holds at all scales 
0 < r < ^ro, then it also holds for scale ro- So by induction, the claim is true for all scales 
r 0 > 0. 

Let us be more specific now. We claim that we can impose the following extra assump¬ 
tion: 

For any t E [to — ^Tq, to], x E M and r < ^ro the statement of the claim holds, meaning 
that 

(6.4) If \R\ < n on P(x, t, r, — 2(er) 2 ) and |Rm(-, t)| < r ~ 2 on B(x,t,r), 

then |Rm| < Kr~ 2 on P(x, t, er, — (er) 2 ). 


We will now explain why it suffices to show the claim under this extra assumption. Assume 
by contradiction that the claim fails for some choice of (xo,to,ro), to < r*. So the extra 
assumption (16.41) has to fail as well and we can find some (x, t, r) with t € [to — \r$, to], r < 
^ro that violates (16.41) . In other words, the claim also fails for (xo,to>To) (xi,ti,ri) := 
(x,t,r), which implies that the extra assumption fails as well in this setting. We can 
hence choose another triple ( x,t,r ) with t E [fi — ^rf,ti] and r < \r\ that violates 
(16.41) . Set (x 2 ,t 2 ,r 2 ) ■= (x,t, r). Repeating this process, we end up with an infinite 
sequence (xo, to, To), (xi, ti, ri),... such that (16.41) is violated for (x,t, r) 4— (xj,L,rj) for 
all i = 0,1,2,.... Moreover t i+1 E [t, - \r\,tf\ and r i+1 < \ri . So t i+1 E [t 0 - r^to], 
U .|_i > 2~*to and r* < 2 _ Vo < y/tl. However, since |Rm| is bounded by some (non- 
universal) constant on M x [0,to], we obtain that (16.41) has to be true for some large i, 
giving us the desired contradiction. 

We now present the main argument, namely, proving the statement of the claim under 
the extra assumption (16.41) . Invoke Lemma 13.21 for xo <— xq, to to, r o <— ro and 
r <— 2(pro ) 2 to obtain the cutoff function < j> E C°(M x [to — 2e 2 rQ,to]) satisfying the 
desired properties (a)-(e) of that lemma. 

By property (a) 

|Rm(-, t 0 )| —1/2 > r 0 > 4>(-,t 0 ). 

Choose t E [to — £ 2 Tq, to) minimal with the property that 

(6.5) |Rm | _1//2 > cf> on M x [t,to]. 

We will show that t = to — £ 2 Tq- Assume that, on the contrary, t > to — £ 2 rQ. Then there 
is a point x € M such that 

(6.6) |Rm(x, t )! -1 / 2 = cj)(x,t). 

Set 


(6.7) r := ||Rm(x,t)| = \<f(x, t) < ^ro- 

Then, since 4>(-,t) is 1-Lipschitz with respect to the metric g j-, we have 

( 6 . 8 ) |Rm(-, t )|^ 1//2 > 4>(-,t) > \(j)(x,t) =r on B(x,t,r). 


on 
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So by Lemma I332T cl we have B(x,t,r ) C B{xq, to, ro), which implies that 

(6.9) \R\ < n on P(x, t, r, — 2(er) 2 ). 

The bounds (16.81) and (16.91) give us the right to apply the extra assumption (16.4|) for 
x G- x, t <— t and r <—r to conclude that 

|Rm| < Kr ~ 2 = e~ 2 r ~ 2 on P(x,t,er , —(er) 2 ). 

Then by Lemma 16.11 for ro G- er we have 

|<9t|Rm(x,t)|| < Coe~ 3 r~ 3 . 

And thus by the definition of r (see equation (16.71) ) 

|^|Rm(x,t)r 1/2 | < ^C' 0 e" 3 r- 3 |Rm(T,t)r 3 / 2 = 4(7 0 e" 3 . 

Using (16.5p . ()6.6I) and property (e) of (f (compare with Lemma 13.21) we conclude however 

<9i|Rm| -1 / 2 (x, t) > d t cf)(x,t) > r~ l > r~ l . 

So 

4C 0 e- 3 > r* 1 . 

This inequality contradicts our choice of r* (see inequality (16.31) 1. hence showing that our 
assumption t > t$ — eVq was wrong. 

Sot = to — e 2 rQ, which implies 

|Rm| -1 / 2 > (j) on M x [to — £ 2 rQ,fo]. 

Thus we can use property (b) of cj> to conclude that 

|Rm| < (j)~ 2 < p~ 2 r o' 2 = AVq 2 on P(x 0 , t 0 , pr 0 , -e 2 ^). 

Since e = p, this finishes the proof. □ 

Combining the backward pseudolocality theorem, Theorem ll.51 with Perelman’s forward 
pseudolocality Theorem gives us an improved pseudolocality result in both time directions. 

Proof of Corollary It. 61 By parabolic rescaling we may assume that ro = 1. This implies, 
as explained in section [2l that t Q > 1, T — t 0 > 1 and \R\ < n on R(xo,toTo) x [^o — 
2 £ 2 , to + £ 2 ]. 

Let 6 > 0 be the constant from Perelman’s pseudolocality theorem m Theorem 10.1] 
for a <— 1 and let £ > 0 be less than the minimum of the corresponding constants in the 
backwards pseudolocality Theorem 11.51 and Perelman’s pseudolocality theorem, again for 
a 4— 1. Moreover, by Theorem ll.il we may choose £ small enough such that 

B(xq, t, e) C B(xq, to, 1) for all t € [to, to + £ 2 ]. 

By Perelman’s pseudolocality theorem, we have for all t € (to, to + £ 2 ] and x € B(xo,t,e) 

|Rm|(x, t) < (t — t 0 ) _1 + £ -2 . 

For any t G (to, to + £ 2 ] and x G B(xo,t, \e) we can now apply Theorem 11.51 with ro <— 
7 j(t — t 0 ) 1/2 < ^£ and obtain that 

(6.10) |Rm| < J\(±(t-t 0 ) 1/2 )~ 2 on P(x,t, \e(t - t 0 ) 1/2 , - t 0 ) 1/2 ) 2 ). 
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Here K is the constant from Theorem II. 51 Next, using Lemma 16.11 we can find a constant 
K * < oo, which only depends on u[go,2T],n, such that: 

(6.11) |Rm|(x,t) < A*(t — to) -1 , |Ric|(x,t) < A*(t — t 0 ) _1 / 2 

and I^RmKx^) < A'*(t — to) -3 / 2 . 

The first inequality is just a restatement of (16.101) . 

Choose e* := min{£, (16AT) -1 e}. We claim that for all t E [to, to + £*], we have 

(6.12) B(x 0 , t, ±e) C B(x 0 , t 0 , \e) C B(x 0 ,t, \z )■ 

Assume that the second inclusion does not hold for all t E [to, to+£ 2 ]- Choose ? E [to, to+£ 2 ) 
maximal such that it holds for all t E [to,?]. Then there is a point x E B(xo,to, |e) such 
that dj(x,x o) = For any t E [to,?], the point x is contained in the closure of B(xt, ie) 

and thus, by the discussion in the previous paragraph, at every time t E [to,?], all points 
on a minimizing geodesic between x and xo satisfy (16.111) . It follows that (assuming s < 1) 

(6.13) \d t d t (x,xo)\ < K*(t - t 0 )~ 1/2 d t (x,x 0 ) < A'*(t - t 0 ) _1/2 . 

Integrating this inequality from to to t yields a contradiction: 

\e = c%(x, x 0 ) < d t 0 (x, x 0 ) + 2AT*(t — to ) 1 / 2 < \e + 2A*e* < ^e. 

In order to show the first inclusion of ()6.12l) . we choose ? € [to, to + £ 2 ] maximal such that 
(16.121) holds for all f € [to,?]- If ? < to + £ 2 , then we can find a point x € B(xo,t, |e) with 
dt 0 (x,x o) = Integrating (|6.13l) yields again a contradiction: 

j£ = d to (x, x 0 ) < c%(x, x 0 ) + 2 AT*(? - t 0 ) 1/2 < g£ + 2A'*£* < ±£. 

In view of the discussion in the beginning of the proof, the second inclusion in () 6 .121) 
implies that the curvature and curvature derivative estimates in (16.111) hold on the para¬ 
bolic neighborhood P(xo,to, |e,£ 2 )- This fact allows us to integrate the bound on |<9tRm| 
from to + £ 2 to any t E [to, to + £*] and obtain that for all x E B(x o, to, 

rto+el 

|Rm|(x,t) < |Rm|(x,to + £ 2 ) + J |(?tRm|(x, t')d£ 

rto+ei 

< IU £~ 2 + / a; (t' - t 0 )- 3/2 dt' < A*£- 2 + 2AT(t -1 0 )- 1/2 

< IOATeT 1 ^ -to) _1/2 . 

So by the first inclusion in (16.121) we find that for all t E [to, to + £ 2 ] we have 
|Rm|(-,t) < 10K*e~ l (t — to ) -1 / 2 on B(xo,t,^e). 

We now apply the backward pseudolocality theorem, Theorem 11.51 once again. Let us 
first choose /3 := (IOA^eL 1 )^ 1 / 2 and 6 := (|e) 4 . Then for any t E [to, to + 9], we have 
j3{t — to ) 1 / 4 < |e. So for any t E [to, to + 9] 

|Rm|(-,t) < (/3(t — t 0 ) 1/4 ) ^ on P(x 0 , t, /3(t - to) 1/4 ) • 

Theorem o then yields 

(6.14) |Rm| < AT/T 2 (t - t 0 ) -1/2 


on 


P(xo, t, £/ 0 (t - to) 1/4 , -£ 2 / 3 2 (t - t 0 ) 1/2 ) • 
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We now choose 0 < 6q < 6 uniformly such that 

£ 2 /3 2 0q / 2 > 20 o • 

Applying (jfi. 14j) with t, = to + #o yields 

|Rm| < K(3~ 2 9q 112 on P(x 0 , t 0 + 0 O , 0 Q 1/2 , -26 0 ). 

So we obtain a uniform curvature bound in a parabolic neighborhood that intersects the 
time-slice t. Due to this curvature bound, distances within this parabolic neighborhood 
only change up to a fixed factor, which implies that the parabolic neighborhood contains 
a ball B(xo,to,£') at time to f° r some uniform e' > 0. This finishes the proof of the 
corollary. □ 


7. L 2 CURVATURE BOUND IN DIMENSION 4 

In this section we consider Ricci flows in dimension 4. We use the backwards pseudolo- 
cality theorem to derive an L 2 bound on the Riemannian curvature and an L p bound on 
the Ricci curvature for 0 < p < 4. Using these bounds, we eventually establish Corollary 

Em 

We will need the following lemma. 

Lemma 7.1. Consider a Ricci flow (M 4 , (gt)te[o,T)) on a compact 4-dimensional manifold. 
Suppose that |i?| < 1 everywhere. Then there is a constant 5 > 0, which only depends on 
u[go,2T],n, such that the following holds: 

Let (x,t) € M x [0, T) and assume that r^ Rni | (x, f) < t (recall that r| Rm | was defined in 
Definition \l. r /\ ). Then there is a y & M such that 

(a) d t (x,y ) < 2r| Rm |(x,f), 

(b) r\ Rm \(y,t) < r| Rm |(x,f), 

(°) l Rm l^ > < 5 ' 

Proof. We will choose y by a point-picking process. Construct a sequence yi,y 2 , ■ ■ ■ £ M 
by the following inductive process: Let yo := x. If yi-. k > 0, is already chosen, then by 
the definition of ri Rm | there is a point y' € B(yk, t, r| Rm i (yk, t)) for which |Rm|(?/,t) = 
r |Rm| (yk,t)- Set Vk+1 := y'■ Summarizing, we have 

dt(yk+i,Vk) < r\ Rm \(y k ,t ) and |Rm|(y fe +i, t) = r^{y k ,t) 
for all A: = 0,1,.... So 

r |Rm|= \ Rm \(.Vk+i,t) < r~^ ml (y k+1 ,t), 

which implies that 

(7.1) HRm|0M) = r |Rm|(yoU) >r\ Rm \(yi,t) >r\ Rm \(y 2 ,t) > .... 

Next, observe that the sequence r\ Rm \(y k ,t) is bounded from below, because |Rm|(-,f) 
is bounded on M. This implies that for some k = 0,1,... we have 

(7.2) 


r |Rm| {Vk+1 1 1) > lo^IRml (Vki t), 
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because otherwise the sequence r\ Rm \(y k ,t) would exponentially converge to 0. Amongst 
those k = 0,1,... that satisfy (17.21) choose the smallest k with this property, i.e. 

^|Rm|(i/l>^) — i(j^|Rm| (i/Oi ^)> •••> ^|Rm| (i/fc; 0 — io^"|Rm| {Vk— 1) ^)- 

We now set y := y k +i- 

We will show that y satisfies assertions (a)-(c). Assertion (b) holds due to (17.11) . For 
assertion (a) we estimate 

dt(x,y k + 1 ) < d t {y 0 ,yi) + ... + d t (y k ,y k +i) < r\ Rm \(y 0 ,t) H-f- r\ Rra \{y k ,t) 

< i 1 + Jo + ■ ■ ■ + < 2 r \Rm\(x,t). 

It remains to establish assertion (c). For this observe first that by the inductive choice 
of y k+ 1 and (TF 2 |) . we have 

(7-3) |Rm|( 2 / fc +i,i) = (y k ,t) > j^r^ m] (y k+1 ,t). 

If we apply the backward pseudolocality theorem, Theorem 11.51 at y = y k +i, then we 
obtain that 

| R m| C A>^ 2 m |(y,t) on P(y,t,£r lRm \(y,t),-£ 2 rf Rml {y,t)). 

Hence by Shi’s estimates there is a constant C < oo such that 

|VRm(-,t)| < Cr^(y,t) on B(y,t, ±er\ Rm \(y,t)). 

Integrating this bound and using (17.31) yields with f3 := minl^C -1 , ^e}. 

|Rm(-, t)| > 2 oo^ 2 m |(y ,0 on B(y, t, /3r| Rm | (y, t)). 

It follows that 

[ |Rm| 2 (-,t)dg t > [ |Rm| 2 (-,t)dg t 

d gq Rm | (y,t)) J B{y,t, fir | Rm | (y,t)) 

> (^ r | Rm |( y ^)) 2 = ^2 =: 5 > °' 

So assertion (c) holds. This proves the desired result. □ 

Proof of Theorem 1 1 . A 1 First note that by parabolic rescaling we may assume that i?o = L 
Let r > 0 be a parameter whose value we will fix in the course of the proof, depending 
only on T and v[go , 2T]. For the rest of this proof fix some t € [T /2, T). 

Let 6 > 0 be the constant from Lemma o and set 


S:= \y£ M : 

: p Rm \(y,t)<r 

and 

/ Rrn 2 > s\ 

l 



•J B(y,t,±r\ Rln \(y,t)) ; 


Now consider all balls B(y,t, |r| Rm |(?/,t)) for y £ S. By Vitali’s Covering Theorem there 
are finitely many points yi ,..., y^ € S such that for 

n ■■= r\ Rin \(yi,t) <r 
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the balls B(y,t, ^rf) are pairwise disjoint and 

N 

(7.4) |J B(yi , t, \rf) D |J B(y, t, 4r| Rm | (y, t)) D S. 

i =1 y£S 

Claim. For every x € M with r| Rm |(x,f) < f there is an i € {1,..., ./V} /or which 

d t (x,yi) < 2r\ Rm \(x,t) + \n. 

Proof. Let x € M with r| Rm i(x,t) < r. By Lemma [7711 there is a y £ M with dt(x,y ) < 
^|R m | (®j t) and r| Rm |(y,t) < r| Rm |(x,t) < r that satisfies the lower bound on the integral 
in the definition of S. So altogether y € S. By (17.41) there is an index i € {1,... , N} for 
which y £ B(yi,t,^ri). So we conclude 

dt{x,yi ) < d t (x,y) + d t (y,yi) < 2r\ Rm \(x,t) + \n. 

This finishes the proof of the claim. □ 

Next observe that for any p > 0, by Fubini’s Theorem 

(7.5) f tv* \(x,t)dg t (x) = f (r~ p + [ ps~ p ~ l ds\dg t {x) 

J M ' ' J M V ir, Rm |(x,i) J 

< r~ p volt M + [ ps _p_1 |{r| Rm |(.,t) < 

Jo 

We will now split the sub level sets inside the integral on the right-hand side into N 
different domains, depending on which of the expressions dt(-,yi) — \ri is minimal. To do 
this set for i = 1,..., N 


Di := {x € M 


Then 


r\Rm\(x,t) < r and 

d t (x,yi ) - 4r* < dt(x,yj) - \rj 


for all / = !,..., N}. 


(7.6) {r| Rm |(-,t) < r} = Di U ... UL>at. 

It follows from the Claim that for all x € A 

r\R m \(x,t) > \{<k{x,yi ) - \ri). 

So if dt(x,yi) > | n, then r| Rm |(x,t) > \{d t {x,yi) - \ • | d t (x,yi)) > \<k{x,yi). On the 
other hand, by the definition of r| Rm |, we obtain that if dt(x,yi ) < |r| Rm |(t/i,i) = |r^, 
then r| Rm |(x,t) > > 4 dt(x,yi ) > | d t (x,yi ). Hence, in either case 

(7.7) r\ Rm \(x,t) > \d t {x,yi) if x € A- 
Using this inequality, we can now compute that for any s <r 


N 

(7-8) |({r| Rm |(-,f) < 8}\ t < X]K r |Rm|(-^) < s}0 Alt 

i =1 

N N 

< ^2 \{dt(-,Vi) < 6s} n Alt < ^2 I B (yi,t,6s)\ t < (6 4 • /c 2 ) • iVs 4 . 
2=1 2=1 
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So using (17.51) , we obtain for 0 < p < 4 


(7.9) f r p (x,t)dg t (x)<r p vol t M+[ ps p 1 |{r-| Rm |(-,t) < s}| t ds 
Jm ' ' Jo 


<r p volt M + CNp / s d p ds <r p volt M + CN 


P s4-i 


4 — p 


Here C < oo is a constant, which only depends on k 2 - 

Next, assume that r < min{l, yjTj 2} and observe that by Theorem 11.51 and Lemma 
16.II there is a universal constant C’ < oo such that for all x G M for which ?j Rm |(x,t) < r, 
we have 

|Ric|(®,*) < C'r^(x,t). 

So by (17.91) for p = 2, we get 


(7.10) 


' M 


|Ric (x,t)\ 2 dg t (x) < C' 2 / r, R 2 ,(x,t)dgt(x) < C' 2 r 2 vol t M + CC ,2 Nr 2 

Jm 1 m| 


On the other hand, recall that by the choice of the y % € S' we have that for all i = 
1. N 


and the domains of these integrals are pairwise disjoint. So 


(7.11) 
Fim 

(7.12) 


/M 


\Hm(x,t)\ 2 dg t (x) > 6 
is 

|Rm (x,t)j 2 dgt(x) > N5. 


Finally, we apply the Theorem of Chern-Gaufi-Bonnet: 

f \Rm(x, t)\ 2 dg t (x) = 32ir 2 x(M) + f (4|Ric(x, t)| 2 - R 2 (x, t))dg t (x). 
Jm Jm 

Combining this identity with (|7.10j) and (17.lip gives us 

N5 < 32v r 2 x(M) + 4C" 2 r" 2 vol t M + ACC' 2 Nr 2 . 

We now choose r > 0 small enough such that 


4CC' 2 r 2 < \5. 


Then 

(7.13) 


N < 


32ir 2 x(M) + 4C ,2 r 2 vob M 


1(5 

2 ° 


= Ax(M ) + B vol* M. 


The theorem now follows using the previous inequalities: The L p -bound on Ric follows 
from (17.91) together with (17.131) . The L 2 -bound on Rm is a consequence of this bound for 
p = 2 and (|7.12|) . And the last statement follows from (17.81) and (17.131) . Note that the 
case r < s < 1 follows by adjusting A and B. □ 

The remainder of this section is devoted to the proof of Corollarv ll.lll For the following 
we fix a Ricci flow (M 4 , (gt)te[o,T))i T < oo on a 4-dimensional manifold and assume that 
R < Ro < oo everywhere. Let us first summarize all the estimates that we know so far. 
By 112.11) we have C± 1 dgt 1 < dgt 2 < C±dg tl for any t\,t2 G [0, T) and by (12.21) 

CN 1 < vol t M < C 2 . 
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We also have the non-collapsing and non-inflating properties (12.31) . (12.41) for some uniform 
K \. A '2 > 0. These properties, combined with the upper and lower volume bound, imply a 
uniform upper and lower diameter bound. 

Cf 1 < diarrp M < C 3 . 

We will also use the following two consequences of Theorem 11.81 


(7.14) 

and for any 0 < s < 1 



|Rm(-,4 )| 2 < C 4 


(7.15) 


IO"|Rm|M) < S}\t 


<C 5 . 


Finally, we mention a consequence of the proof of Theorem 11.8 


Lemma 7.2. Let (M , (gt)te[o,T))> T < oo be a Ricci flow on a 4- dimensional manifold 
and assume that R < Rq < oo everywhere. Then there is a natural number N E N such 
that for every time t E [0, T), we can find points y\.t, ■ ■ ■ ■ yN.t € M such that for any 
x E M we have 

(7.16) r\ Rm \(x,t.) > | min dt(x,y iit ). 

Proof. The lemma is a consequence of the proof of Theorem 11.81 Consider the points 
yi,...,yN and the radii r* = r| Rm | {yi,t) as constructed in this proof before equation (17.41) 
for r = maxM r , |R m | (■, t). Then by (17.61) we have D\ U ... U D jv = M. So (17.71) implies 

dump . 

By (17.111) and (I7.14p we get that N is bounded by a constant, which is uniform in 
time. □ 


The following definition will help us understand the formation of singularities. 

Definition 7 . 3 . Let (M, (gt)te[o,T))> T < oo be a Ricci flow. A pointed, complete metric 
space (X,d,Xoo), Xoo E X is called a limit of ( M, (gt)te[o,T)) if there is a sequence of times 
4 /* T , a sequence of points x & € M and a sequence of numbers > 1 such that the 
length metrics of (M, xfl) converge to (X,d,x oo) in the Gromov-Hausdorff sense. If 

lim^oo Afc = oo, then (X,d,x oo) is called a blowup limit. 

Due to the non-collapsing and non-inflating properties, (12.31) . (12.41) . (blowup) limits 
always have to exist: 

Lemma 7 . 4 . Let (M 4 , (gt)te[o,T))’ T < oo be a Ricci flow on a 4-dimensional manifold 
and assume that R < Rq < oo everywhere. Consider arbitrary sequences tk /* T, Xk £ M 
and Afc > 1. Then, after passing to a subsequence, (Wl,\\gt k ,Xk) converges to a complete 
limit (X,d,Xoo) in the Gromov-Hausdorff sense. 

We will now analyze (blowup) limits more carefully. The next lemma states that such 
limits are Riemannian manifolds away from finitely many points. 

Lemma 7 . 5 . Let (M 4 , {gt)te[o,T)) < T < oo be a Ricci flow on a 4-dimensional manifold and 
assume that R < R 0 < oo everywhere. Let (X,d,Xoo) be a limit of (M 4 , (gt)te[o,T))- Then 
diam(Af, d) > 0 and there are points yi >00 , ■ ■ ■ ,Vn,oo £ X such that the metric d restricted 
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to X \ { 2 / 1,00 5 
x € X 

and 


■ ■ ,Un,o 0 } ts induced by a smooth Riemannian metric g^. Moreover, for all 
|Rm 9oo |(x) < 36 max d~ 2 (x,y i)00 ) 


( 7 - 17 ) H Rm 9oJlL 2 (X\{yi,oc,..,yiv,oo}) ^ C 4 . 

If (X,d,x oo) is even a blowup limit, then Ric 5oo = 0. 

Proof. Consider the points yi,t k , ■ ■ ■ , VN,t k from Lemma [7.21 After passing to a subse¬ 
quence, we may assume that these points converge to points y\ }00 , ■ ■ ■ ,yN,oo € X. By the 
backward pseudolocality Theorem II.51 and Shi’s estimates, we have uniform bounds on the 
covariant derivatives of the curvature tensor at uniform distance away from the lji.t k ■ So 
(M ,gt k ) smoothly converges to a Riemannian metric g^ on X \ {yi t oo, ■ ■ ■ ,Vn,oo}- The 
curvature bounds descend to the limit. The vanishing of Ric 9oo in the blowup case is a 
consequence of Lemma 16.11 □ 


Next, we prove that (blowup) limits look like orbifolds. 

Lemma 7.6. Let (M 4 , (gt)te[o,T))> T < 00 be a Ricci flow on a 4-dimensional manifold 
and assume that R < Rq < 00 everywhere. Let (X, d, Xqq) be a limit of (M 1 , (gt)te[o,T))■ 
Then the tangent cone at every point of ( X , d) is isometric to a finite quotient of Euclidean 
space M 4 . So (X, d) is diffeomorphic to an orbifold with cone singularities. 

Proof. R follows from (17.1711 that the tangent cones around any yi tOQ are flat away from 
the tip and unique. It remains to show that the link (i.e. cross-section) of each of these 
tangent cones is connected or, in other words, that the cone minus the tip is connected. 

Fix some i € {1, • • •, N} and assume that the link of the tangent cone around yj i0O was 
not connected. Choose points z',z" € X close to yi j00 , but in regions corresponding to 
different components in the link, such that any minimizing geodesic between z' and z" 
has to pass through yi )00 . Let zl k , z' k € (M, X 2 gt k , xfi) be sequences such that z' k —» z' 
and 4 —>• z" and let 7 ^ C M be time-i& minimizing geodesics between z' k and z'f. Then, 
after passing to a subsequence, the 7 k converge to a minimizing geodesic 700 C X passing 
through 1 ) 1 , 00 - It follows that min 7fc r|R m | (•,£&) —>• 0 (where r| Rm |(-,£&) is determined with 
respect to A k gt k ), because otherwise X would be smooth around yi >00 - Let x' k € 7 ^. such 
that r\ Km \(x' k ,t k ) = min 7fe r| Rm |(-,4) and set X' k := r^ m ^x' k ,t k ). Then, after passing 

to a subsequence, (M, A k 9t k i x ' k ) converges to a blowup limit (X 1 , d!, x'^) containing a 
geodesic line 7 ^ C X' , which passes through x'^. By Lemma 1731 (X 1 , d!) is described by 
a Riemannian metric g ^ away from finitely many singular points y' loo ,... ,y' N , ^ € X', 
which is Ricci flat. By the choice of X' k , we know that |Rm ff / | < 1 in a 1-neighborhood 
around 7 ^ and that 7 ^ does not hit any singular points. We also get that ri Rm | (x 1 ^) = 1 
if (X',d') is smooth. 

Denote by (X , d ) the completion of length metric induced by the Riemannian metric 
g'ae on X'\{y'i oo? ■ • •, v'n' 00 }• So (A fid) arises from (X' , d') by “splitting the tangent cones 
around singular points into tangent cones with connected links”. So the tangent cones of 
(X ,d ) are finite quotients of M 4 . It follows that any minimizing geodesic in ( X ,d ) can 
only hit singular points at its endpoints. Recall that Ric^ = 0 and that (X , d ) contains 
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a line. The proof of the Cheeger-Gromoll splitting theorem (cf [CGj ) still works in this 
setting and we obtain a non-constant smooth function / E C°°(X' \ {y[ ^... ,y' N , 

with parallel gradient. The existence of such a function implies that (x', d ) has no singular 
points and hence (X' . d!) = (X ,d ) isometrically splits off a line. So (X', d!) is flat and 
has no singular points, contradicting our earlier conclusions. This finishes the proof. □ 

We can finally prove Corollary II.Ill 

Proof of Corollary 11.111 We define the function rj^ m | : M —> [0, oo) as follows: 

’’iRmiO'O = limsupr|Rm| (x,t). 

t/T 

Consider a point x E M with r := J'|^ m |(a;) > 0. So there is a sequence of times t k /* T 
such that r|R m i(x,ffc) > r/2. Using the backward pseudolocality Theorem 11.51 we find 
that 

OO 

|Rm| < 4 Kr~ 2 on P(x, t k , \er, — (^er) 2 ). 

k =l 

By a distance distortion estimate, there is a small t > 0, depending on r, such that 

OO 

P(x, T-t, |er, t) C (J B(x, t, \er) x {t} C (J P(x, t k , \er , -(|er) 2 ). 
te[T-r,T) fe=l 

So as t/'T, the metric gt converges smoothly to a Riemannian metric gx in a neigh¬ 
borhood of x. Moreover, rj^ m | is positive in a neighborhood of x. We hence obtain that 
M rcg ;= {r^ m | > 0} C M is an open subset and that gt converges smoothly to a Riemann¬ 
ian metric gx on M reg as t/'T. Moreover, r^ m | restricted to M reg is 1-Lipschitz with 
respect to gx , being the limsup of a family of 1-Lipschitz functions. So by continuity of 
the metric gt- for any x E M rcg and 5 > 0 the ball B(x, t, rj^ m | (x) — 6 ) is contained in M rcg 
for t sufficiently close to T. We also have |Rm|(-, T) < ( r jRm|(*)) 2 on (a:) - 5) 

for each 5 > 0. So 

r |Rm| (®) = lim pRm \(®, t) for all x E M. 
t/1 

Next, we show that M sing := M \ M rcg = {r|^ m | = 0} is a null set with respect to gt for 

any t E [0, T). Recall that Cf l dgt x < dgt 2 < C\dgt 1 for any t\,t 2 E [0, T). So it suffices 
to show that M sing is a null set with respect to dg q. Since lirrp ^x i'|Rm| (:X) = 0 on M smg , 
we have with (|7.15|) that for any 0 < s < 1 

|M sing | 0 < |{rfg m , < s}| 0 = |{limsupr| Rm |(-,t) < s}| 0 = limsup |{r| Rm |(-,f) < s}| 0 

t/T t/T 

< Cl limsup |{ri Rm | (-, t) < s}| t < CiC 5 s 4 . 

t/T 

Letting s —>• 0 yields |M sing |o = 0, which establishes assertion (b). 
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Consider now the points yn ,..., yjv,t from Lemma [7.21 We claim that for any 0 < s < 1 
and any t < T sufficiently close to T, we have 

N 

(7.18) M sing c|J B(y i>t ,t, 8 ). 

i= 1 

Fix s and choose s' > 0 such that s' < s and |{T^ m | < s'}|t < ki(^s ) 4 for any 

t E [0, T) (this is possible because M smg is a nullset and the volume form dgt has bounded 
distortion). Define U := {r|^ m | > s'} C M and choose r > 0 small enough such that 

r |Rm| > \ s ' on U x [T — r, T ) and r| Rm | < 2 s' on dU x [T — r, T). Let now t E [T — t,T) 
and x E M sing C M \ U. We claim that there is a point z E dU such that dt(x, z ) < ^s. 
Otherwise B(x, t, ^s) O U = 0, which would imply that 

Ki(is ) 4 < |5(x,t,s)| f < |M \ U\ t < ki(|s) 4 , 

which is a contradiction. Since ?’|R m | (ar, t) < 2 s' < there is an i € such 

that dt(z,yi t t ) < 6 • < |s, by Lemma PL2l It follows that x E B(yij,t, s). This proves 

(I7T8D . 

Inclusion (17.181) implies that (M. gt) converges to a metric space (X,d) in the Gromov- 
Hausdorff sense, which is isometric to (M reg . g^) away from at most N points. By Lemma 
EH the tangent cones of ( X , d) are finite quotients of K 4 . It follows that M reg is connected 
and that ( X , d) is isometric to the metric completion (M rcg , d 9T ) of (M reg , g?). Hence M reg 
can be endowed with a smooth orbifold structure such that gT is a smooth metric away 
from the singular points. This shows assertion (a)-(d). 

Let us now show assertion (e). Fix a singular point p E M and denote by r{x) := 
d 9T (p, x) the radial distance. Since blow-ups around p smoothly converge to a finite 
quotient of M 4 , we find that |V m Rm| < o(r -2 ~ m ). So r |Rm|( x ) > cr(x) close to p for some 
uniform c > 0. So Lemma [6711 implies that |V m Ric| < C*(r|^ m |) _1_m < 0{r~ l ~ m ) for all 
m > 0. We now construct the orbifold metric ~g £ for some given e, following the lines of 
[ BKNJ . Denote the tangent cone of (M reg , d 9r ) at p by (M tang = M 4 /r, y euc i), T C 0(4), 
let p' E M tang be its vertex and r’ : M tang —>• [0, oo) the Euclidean distance from its tip. 
Define the annuli 

A'(n,r 2 ) := {x E M tan : r 1 < r'(x) < r 2 } C M tan 

and 

A(p,ri,r 2 ) := {x E M rcg : r\ < d 9T (p,x) < r 2 } C M reg 
and set for i = 0 , 1 ,... 

Ai ■■= A(p, 2~ i ~ 1 ,2~ i+1 ). 

Since the tangent cone of (M rLg ,d 9T ) at p is isometric to (M tang ,y euc i) we can find a 
sequence of Riemannian metrics if on each A,- such that the following holds for large i: 
There is an isometry ^ [/j C M tang with g l = $>*g euc ] such that 

H'(2 - * -0 - 9 , 2 _ * +0 - 9 ) cl/jC j4 , (2 -, “ 1 - 1 ,2 -t+1 - 1 ) 
\un\\g T -g l \\co( Ai ^)=0- 


and such that 
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More specifically, since |V m Ric| < 0(r 1 m ), we can use a harmonic coordinate construc¬ 
tion similar to the one carried out in jBKNj . and choose the metrics ~g L such that 

II St — S l \\c°{A i ^ i ) + 2 '|| d(gr — 5 ft )|lc 0 (A i ;g i ) + (2 *) 2 ||— g l )\\c 0 ^^) 

<C(2~'f ||Rm|| L 

°°(Ai_iUAiUAi + i;gT) + C(2- i ) 2 ||Ric|| L 

00 (Aj_iUAjUAj_)_i \gx) 

+ (7(2 *) 3 ||VRic|| L oo( yl ,_ lUyl . Uj 4. +1 . 9T ) 

< (7(2 i ) 2 ||Rni|| L oo( j4 ._ lUj 4. Uj 4, +i;9r ) + <72 ' =: <5* —> 0, 

for some generic constant C < oo. So the change of coordinate maps restricted to the 
annuli A , (2- < -°- 9 , 2- < -°- 1 ) 

$ i+ i o : A'{2 - i -°- 9 , 2 - * -01 ) J 4 / (2 _i “ 2 - 1 ,2 _i+0 - 1 ) 

can be approximated by isometries ipi : M tang —> M tang , ipideud = Seuci i n such a way that 

(7.19) W^T+i o $i+i ° ^ rl ||c 3 (A'(2-i-o-8,2-<-o-2)) < C5{ 

for some uniform constant C < oo. Replace now <hj by 'i/’lf 1 o ... o % o <hj. Then still 
if = < h*5euci and (17.191) simplifies to 

Il$i+1 ° < ^r 1 |lc 3 (A , (2- i -°- 8 ,2- i -°- 2 )) < C5i 

So it is possible to glue these diffeomorphisms together to a diffeomorphism <F : U \ {p} —> 
V \ {j/}, where U C M 8 is an open neighborhood of p and V C M tan is an open 
neighborhood of p', such that the pullback ~g := < f , *g , e uci satisfies 

(7.20) || g T -g\\c°(Ai-,g) + 2“'|| d{g T - g)\\c°(Ai;g) + (2~*) 2 |l d 2 (g T - <7)||c°(A i; g) 

< C(6i-i + 6i + 5j+i). 

We now show that \\gx — g\\w 2 ’ 2 (U;g) < °o. By (17.201) it suffices to show that < 

oo. To see this, note that by the bound |V ,n Ric| < 0(r _1 ~ m ) and Anderson’s e-regularity 
theorem (cf (Andl| ) we have for large i 

11 Rm 11 L°° (Ai_iUAjU Aj_|_i \gx) — *) 2 ||R m || L 2 (A i _ 2U ... U A i+2 ; ST ) 

+ C||Ric||^( j4i _ 2 u...uA 1+2 ; 9T ) 

< C'(2- i )- 2 ||Rm|| L 2 (Ai _ 2U ... uAi+2 . flT) + C(2~ i )- 1 . 

So 

^<C||Rm||| 2(Ai _ 2U .. uAi+2;gT) + C(2-) 2 , 
which implies < 00 • 

We finally construct the metric g e . For this let < oo be some large integer whose 
value we will determine later, depending on e and set p := 2~ l °. Choose a smooth cutoff 
function r/ : M reg —> [0,1] such that g = 1 on B(p , p) and g = 0 outside B(p, 2p) and such 
that | V77I < Cp- 1 and |V 2 ry| < Cp~ 2 for some C < 00 that does not depend on p. Then 
set 

9e ■= V9 + (! - v)9T- 

Using (17.201) we one can see that 

11 ST - 9e\\c°(A^g e ) < (7 sup{(5j 0 _i, <5j 0 , ...} 
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and 

\\9T ~9e\\w 2 ’ 2 (Ai',g e ) < C\\gr - 9 IIW 2 . 2 (A io UA io+1 U...;g) + Cp^Wd^T ff)IIL 2 (Aj 0 ;g) 

+ Cp~ 2 \\g T -9||L 2 ( A i0 ;g) 

< C\\9T — g\\w 2 ’ 2 (Ai 0 UAi 0+1 U...;g) + CP 1 ||^(5 f T “ g)\\ L 2 {A iQ -,g) + + 5i 0 + ^i 0 +l)- 

By choosing zq sufficiently large, we can ensure that the the right-hand sides of both 
inequalities smaller than e/2. This proves assertion (e) and hence the corollary. □ 
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